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Circuit Elements and Laws

11  Voltage

Energy is required for the movement of charge from one point to another. Let W
Joules of energy be required to move positive charge Q columbs from a point a to
point b in a circuit. We say that a voltage exists between the two points. The voltage
V between two points may be defined in terms of energy that would be required if a
charge were transferred from one point to the other. Thus, there can be a voltage
between two points even if no charge is actually moving from one to the other.

Voltage between a and b is given by
v=3/c
Q

Hence Electric Potential (V) = Worked are (W) in Joules

Ch arge (Q)in columbs
Current:

An electric current is the movement of electric charges along a definite path. In case

of a conductor the moving charges are electrons.

The unit of current is the ampere. The ampere is defined as that current which when
flowing in two infinitely long parallel conductors of negligible cross section, situated 1 meter
apart in Vacuum, produces between the conductors a force of 2 x 107 Newton per metre

length.

Power : Power is defined as the work done per unit time. If a field F newton acts for t

seconds through a distance d metres along a straight line, work done W = Fxd N.m. or J.

The power P, either generated or dissipated by the circuit element.

P

_w_Fxd
Tt



. Work
Power can also be written as Power =

time

Work  Ch arge
X——— " Voltage x Current

Charge  Time

P =V x| watt.

Enerqgy : Electric energy W is defined as the Power Consumed in a given time. Hence, if

current. 1A flows in an elemené over a tirEe period t second, when a voltage V volts is applied
across it, the energy consumed Is given by

W=Pxt=V x| xtJor watt. second.

The unit of energy W is Joule (J) or watt. second. However, in practice, the unit of

energy is kilowatt. hour (Kwh)

12  Resistance : According to Ohm's law potential difference (V) across the ends of a
conductor is proportional to the current (I) flowing through the conductor at a

constant temperature. Mathematically Ohm's law is expressed as

ValorV=Rx|

\Y . L , :
OrR = __where R is the proportionality constant and is designated as the conductor

resistance and has the unit of Ohm ().

Conductance : Voltage is induced in a stationary conductor when placed in a varying
magnetic field. The induced voltage (e) is proportional to the time rate of change of

current, di/dt producing the magnetic field.

Therefore e a ﬂ
dt

Or e:Ldl

dt



e and i are both function of time. The proportionality constant L is called inductance.

The Unit of inductance is Henery (H).

Capacitance : A capacitor is a Physical device, which when polarized by an electric field

by applying a suitable voltage across it, stores energy in the form of a charge separation.

The ability of the capacitor to store charge is measured in terms of capacitance.

Capacitence of a capacitor is defined as the charge stored per Volt applied.

C= q_: Coulomb _ Farad
\Y; Volt
1.3 Active an ive Branch :

A branch is said to be active when it contains one or more energy sources. A passive

branch does not contain an energy source.

Branch : A branch is an element of the network having only two terminals.

i Land unil Lel _

A bilateral element conducts equally well in either direction. Resistors and inductors
are examples of bilateral elements. When the current voltage relations are different
for the two directions of current flow, the element is said to be unilateral. Diode is an

unilateral element.

Linear Elements : When the current and voltage relationship in an element can be
simulated by a linear equation either algebraic, differential or integral type, the

element is said to be linear element.

Non Linear Elements : When the current and voltage relationship in an element can

not be simulated by a linear equation, the element is said to be non linear elements.

14 Kirchhoff's Voltage Law (KVL) :

The algebraic sum of VVoltages (or voltage drops) in any closed path or loop is Zero.



Application of KVL with series connected voltage source.
R

MW

Fig. 1.1

Vi+V2—-IR1—IR2=0
=Vi+V2=1(Ri1+Ry)

Vi+V,

= - "<
Rt R,

Application of KVVL while voltage sources are connected in opposite polarity.
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Fig. 1.2

R,

Vi— IRi—Vz—IR2— IR3=0
> Vi-Ve=IRi+ IR2+ IR
> VieVo=1(Ri+ IR:+IR3)
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Kirchaoff's Current Law (KCL) :

The algebraic sum of currents meeting at a junction or mode is zero.

Fig. 1.3

Considering five conductors, carrying currents I, Iz, I3, ls and Is meeting at a point O.
Assuming the incoming currents to be positive and outgoing currents negative.

i+ (-12) + s+ (-ls) +1s=0
li—l+Iz3=l4+15=0

li+ls+ls=1l2+ 14

Thus above Law can also be stated as the sum of currents flowing towards any
junction in an electric circuit is equal to the sum of the currents flowing away from
that junction.

| ivision (Ser] ircuit
Considering a voltage source (E) with resistors Riand Rz in series across it.

R.

WV

E - /D § .

Fig. 1.4



E
RitR;

Voltage drop across R1= 1. R1 = ﬂ
Rit R,

E.R;
Rit R,

Similarly voltage drop across Rz = I.Rz =

Current Division :
A parallel circuit acts as a current divider as the current divides in all branches in a

parallel circuit.

Fig. 1.5

Fig. shown the current | has been divided into I and Iz in two parallel branches with
resistances Ri1 and Rz while V is the voltage drop across R: and R-.
V V

li=— and I,= =
2
1 RZ

Let R = Total resistance of the circuit.

Hence — == i+1

R Ri R,



| =—= V :V(R1+R2)
R & RiR,
R+ R,
But=V=1:R:1= 2R

RR,

R, TR;

Therefore I =

Rit R,

Similarly it can be derived that

IR,
Rit R,

PR=




Magnetic Circuits :

Introduction : Magnetic flux lines always form closed loops. The closed path
followed by the flux lines is called a magnetic circuit. Thus, a magnetic circuit
provides a path for magnetic flux, just as an electric circuit provides a path for the
flow of electric current. In general, the term magnetic circuit applies to any closed
path in space, but in the analysis of electro-mechanical and electronic system this
term is specifically used for circuits containing a major portion of ferromagnetic
materials. The study of magnetic circuit concepts is essential in the design, analysis
and application of electromagnetic devices like transformers, rotating machines,

electromagnetic relays etc.

Maanetomotive Force (M.M.F) :

Flux is produced round any current — carrying coil. In order to produce the required
flux density, the coil should have the correct number of turns. The product of the
current and the number of turns is defined as the coil magneto motive force (m.m.f).

If I = Current through the coil (A)

N = Number of turns in the coil.

Magnetomotive force = Current x turns
SoMM.F=1XN

The unit of M.M.F. is ampere—turn (AT) but it is taken as Ampere(A) since N

has no dimensions.

Maagnetic Field Intensity

Magnetic Field Intensity is defined as the magneto-motive force per unit length of the

magnetic flux path. Its symbol is H.



Magnetic field Intensity (H) = Magnetomotive force
Mean length of the magnetic path

> H A/m

_F_IN.
1

Where | is the mean length of the magnetic circuit in meters. Magnetic field intensity is also
called magnetic field strength or magnetizing force.

Permeability :-

Every substance possesses a certain power of conducting magnetic lines
of force. For example, iron is better conductor for magnetic lines of force than
air (vaccum) . Permeability of a material (u) is its conducting power for
magnetic lines of force. It is the ratio of the flux density. (B) Produced in a

material to the magnetic filed strength (H) i.e. p=B |_l

Reluctance :

Reluctance (s) is akin to resistance (which limits the electric Current).
Flux in a magnetic circuit is limited by reluctance. Thus reluctance(s) is a
measure of the opposition offered by a magnetic circuit to the setting up of the
flux.
Reluctance is the ratio of magneto motive force to the flux. Thus

s:Mmfctl

Its unit is ampere turns per webber (or AT/whb)
Permeance:-
The reciprocal of reluctance is called the permeance (symbol A).
Permeance (A) =1/S  wb/AT
Turn T has no unit.

Hence permeance is expressed in wh/A or Henerys(H).



Electric Field versus Magentic Field.

1)

2)

3)

4)

5)

6)

1)

2)

Similarities

Electric Field

Flow of Current (1)

Emf is the cause of
flow of current

Resistance offered
to the flow of
Current, is called
resistance (R)

Conductance

()=t
R

Current density is
amperes per square
meter.

Current (1) - EMFFl

1)

2)

3)

4)

5)

6)

Dissimilarities

Current actually flows
in an electric Circuit.

Energy is needed as
long as current flows

1)

2)

Magnetic Field

Flow of flux ( -)

MMT is the cause of
flow of flux

Resistance offered to
the flow of flux, is
called reluctance (S)

Permitivity(u) = %

Flux density is number
of lines per square
meter.

Flux ( - ):%

Flux does not actually
flow in a magnetic
circuit.

Energy is initially
needed to create the
magnetic flux, but not



3)

B.H. Curve :

Conductance is
constant and
independent of current
strength at a particular
temperature.

3)

to maintain it.

Permeability (or
magnetic
conductance )
depends on the total
flux for a particular
temperature.

Place a piece of an unmagnetised iron bar AB within the field of a

solenoid to magnetise it. The field H produced by the solenoid, is called

magnetising field, whose value can be altered (increased or decreased) by

changing (increasing or decreasing) the current through the solenoid. If we

increase slowly the value of magnetic field (H) from zero to maximum value,

the value of flux density (B) varies along 1 to 2 as shown in the figure and the

magnetic materials (i.e iron bar) finally attains the maximum value of flux

density (Bm) at point 2 and thus becomes magnetically saturated.

Fig. 2.1
Now if value of H is decreased slowly (by decreasing the current in the

solenoid) the corresponding value of flux density (B) does not decreases along

2-1 but decreases some what less rapidly along 2 to 3. Consequently during the

reversal of magnetization, the value of B is not zero, but is '13" at H= 0. In other



wards, during the period of removal of magnetization force (H), the iron bar is
not completely demagnetized.

In order to demagnetise the iron bar completely, we have to supply the
demagnetisastion force (H) in the opposite direction (i.e. by reserving the
direction of current in the solenoid). The value of B is reduced to zero at point 4,
when H="14'". This value of H required to clear off the residual magnetisation, is
known as coercive force i.e. the tenacity with which the material holds to its
magnetism.

If after obtaining zero value of magnetism, the value of H is made more
negative, the iron bar again reaches, finally a state of magnetic saturation at the
point 5, which represents negative saturation. Now if the value of H is increased
from negative saturation (= '45") to positive saturation ( = '12") a curve '5,6,7,2" is
obtained. The closed loop "2,3,4,5,6,7,2" thus represents one complete cycle of
magnetisation and is known as hysteresis loop.



NETWORK ANALYSIS
Different terms are defined below:

1 Circuit: A circuit is a closed conducting path through whi
flow or is intended flow

ch an electric current either

2 Network: A combination of various electric elements, connected in any  manner.

Whatsoever, is called an electric network

3. Node: it is an equipotential point at which two or more circyit elements are joined.

4. Junction: it is that point of a network where three or more dircuit elements are joined.

5 Branch: it is a part of a network which lies between junctio

I points.

6. Loop: Itisa closed path in a circuit in which no element or npde is accounted more than

once.
7. Mesh: It is a loop that contains no other loop within it.

Example 3.1 In this circuit configuration of figure 3.1, obtain the n
nodes iii) junction points iv) branches and v) meshes.

R4

. of i) circuit elements ii)

Rs

Rz



Solution: i) no. of circuit elements = 12 (9 resistors + 3 voltage sources)
il) no. of nodes =10 (a, b, ¢, d, e, f, g, h, k, p)
iii) no. of junction points =3 (b, e, h)

iv) no. of branches = 5 (bcde, be, bh, befgh, bakh)

V) no. of meshes = 3 (abhk, bcde, befh)

3.2 MESH ANALYSIS

Mesh and nodal analysis are two basic important techniques used in finding solutions
for a network. The suitability of either mesh or nodal analysis to a particular problem depends
mainly on the number of voltage sources or current sources .If a network has a large number
of voltage sources, it is useful to use mesh analysis; as this analysis requires that all the
sources in a circuit be voltage sources. Therefore, if there are any current sources in a circuit
they are to be converted into equivalent voltage sources,if, on the other hand, the network has
more current sources,nodal analysis is more useful.

Mesh analysis is applicable only for planar networks. For non-planar circuits mesh
analysis is not applicable .A circuit is said to be planar, if it can be drawn on a plane surface
without crossovers. A non-planar circuit cannot be drawn on a plane surface without a
Crossover.

Figure 3.2 (a) is a planar circuit. Figure 3.2 (b) is a non-planar circuit and fig. 3.2 (c) is a
planar circuit which looks like a non-planar circuit. It has already been discussed that a loop
is a closed path. A mesh is defined as a loop which does not contain any other loops within it.
To apply mesh analysis, our first step is to check whether the circuit is planar or not and the
second is to select mesh currents. Finally, writing Kirchhoff*s voltage law equations in terms
of unknowns and solving them leads to the final solution.

W

4 =

(@) (b) (©
Figure 3.2

Observation of the Fig.3.2 indicates that there are two loops abefa,and bcdeb in the
network .Let us assume loop currents 11 and l:with directions as indicated in the figure.



Considering the loop abefa alone, we observe that current I1 is passing through Ry, and (l1-12)
is passing through Rz By applying Kirchhoff’s voltage law, we can write

Vs =l1iR1+R2(l1-12) (3.1)

F{l\ Rs

Vs RZ

R4

A
A

f e d

Figure 3.3

Similarly, if we consider the second mesh bcdeb, the current Iz is passing through Rs
and R4, and (l2 — 1) is passing through Rz By applying Kirchhoff’s voltage law around the
second mesh, we have

Rz (I2-11) + Rsl2 +Ral2=0 (3.2)

By rearranging the above equations,the corresponding mesh current equations are
l1 (Ri+R2) - [2R2 =V,

-11R2+(R2+R3+R4) 1:=0 (3.3)

By solving the above equations, we can find the currents 1. and I2.If we observe
Fig.3.3, the circuit consists of five branches and four nodes, including the reference node.The
number of mesh currents is equal to the number of mesh equations.

And the number of equations=branches-(nodes-1).in Fig.3.3, the required number of
mesh current would be 5-(4-1)=2.



In general we have B number of brg
reference node than number of linearly ind

Example 3.2 Write the mesh

current equations in the circuit shown

in fig 3.4 and determine the currents.

Solution: Assume two mesh
3.5. The mesh current equations are

curre

nches and N number of nodes including the
ependent mesh equations M=B-(N-1).

50 10Q

10V 20

50v —|—

Figure 3.4

nts in the direction as indicated in fig.

L

100
S0V

Figure 3.5
511+ 2(l1-12) = 10
1012+ 2(12-11) +50=0
We can rearrange the above equations as
711 -212 =10
-211+1212=-50

By solving the above equations, we have 11

(3.4)

(3.5)

=0.25A, and I2=-4.125



Here the current in the second mesh Iz, is negative; that is the actual current 1. flows opposite
to the assumed direction of current in the circuit of fig .3.5.

Example 3.3 Determine the mesh current I1 in the circuit shown in fig.3.6.

Solution: From the circuit, we can from the following three mesh equations

1011+5(11+12) +3(11-1s) =50 (3.6)
212 +5(I2+11) +1(I2+13) =10 (3.7)
3(ls-12) +1(ls+l2) =-5 (3.8)

Rearranging the above equations we get

181:4515-313=50 (3.9)
5114812+ 1:=10 (3.10)
311+ I+ 4le=-5 (3.11)

According to the Cramer’s rule



50 5 -3

10 8
-51

1175

18 5 -3 356

5 8
-31

4

1

Or 1= 3.3 A Similarly,

18 50 -3
5 10 1
= ~3-5 4 _-3%
2 18 5 -3 356
5 8 1
-31 4
Or 12=-0.997A
18 5 50
5 g 10
= -31 -5 _52%
3 18 5 -3 356
58 1
-31 4
Or 1:=1.47A

- 11=3.3A, 12=-0.997A, 1-=1.47A

(3.12)

(3.13)

33 MESH EQUATIONS BY INSPECTION METHODThe mesh equations for a general planar network can be written
by inspection without going through the detailed steps. Consider a three mesh networks as shown in figure 3.7

The loop equation are liR:i+ Rz(li-12)




Rz( l-11)+12R3=-V2 3.14
Rals+Rsls=V2 3.15

Reordering the above equations, we have

(Ri+R2)11-Ral2=V1 3.16
-Ral1+(R2+R3)12=-V2 3.17
(Re4t+Rs)15=V2 3.18

The general mesh equations for three mesh resistive network can be written as

Riili+ Ru2l2+ Rusls= Va 3.19
+ Ratli+R2212 2R23ls= 3.20
+ Ralt #Ra2024+Rasls= Ve 3.21

By comparing the equations 3.16, 3.17 and 3.18 with equations 3.19, 3.20 and 3.21
respectively, the following observations can be taken into account.

1. The self-resistance in each mesh

2. The mutual resistances between all pairs of meshes and

3. The algebraic sum of the voltages in each mesh.

The self-resistance of loop 1, Ru=Ri+Rz, is the sum of the resistances through which I1
passes.

The mutual resistance of loop 1, Ri2= -Rq, is the sum of the resistances common to loop
currents l1 and Iz. If the directions of the currents passing through the common resistances are
the same, the mutual resistance will have a positive sign; and if the directions of the currents
passing through the common resistance are opposite then the mutual resistance will have a
negative sign.

V.=V is the voltage which drives the loop 1. Here the positive sign is used if
the direction of the currents is the same as the direction of the source. If the current
direction is opposite to the direction of the source, then the negative sign is used.

Similarly R2=R2+Rs and Rs=R++Rs are the self-resistances of loops 2 and 3
respectively. The mutual resistances Ris=0, Rz1= -Rz, R23=0, Ra:=0, Rs2=0 are the sums
of the resistances common to the mesh currents indicated in their subscripts.

Vb= -V2, V= V2 are the sum of the voltages driving their respective loops.



Example 3.4 write the mesh equation for the circuit shown in fig. 3.8

% 5Q
10V - 40)
Solution : the {
Rulit Rl £ Risls=Va (3.22)
t Rali+R2l21 Rasls=Vb (3.23)
t Railit Ralo+Rasls=Ve (3.24)

Consider equation 3.22

Rui=self resistance of loop 1=(1Q+ 3Q +6Q) =10Q

R12= the mutual resistance common to loop 1 and loop 2=-3Q
Here the negative sign indicates that the currents are in opposite direction.
R1s= the mutual resistance common to loop 1 & 3= -6 Q

V.= +10 V, the voltage the driving the loop 1.

Here he positive sign indicates the loop current l1 is in the same direction as the
source element.

Therefore equation 3.22 can be written as



10 I1- 3I2-61s= 10V (3.25)

Consider Eq. 3.23
R21= the mutual resistance common to loop 1 and loop 2=-3Q

Rz2= self resistance of loop 2=(3Q+ 2 Q +5 Q) =10 Q R23=0,
there is no common resistance between loop 2 and 3. Vo = -
5V, the voltage driving the loop 2.
Therefore Eq. 3.23 can be written as
-3l1+10I=-5V (3.26)
Consider Eq. 3.24
Rs1= the mutual resistance common to loop 1 and loop 3=-6 Q
Rs2=the mutual resistance common to loop 3 and loop 2 = 0 Ras=
self resistance of loop 3=(6Q+ 4 Q) =10 Q
V= the algebraic sum of the voltage driving loop 3
=(5 V+20V)=25 V (3.27)
Therefore, Eq3.24can be written as -61: + 10ls= 25V
-611-312-61= 10V
-3l1+1012=-5V
-611+101:=25V

34 SUPERMESH ANALYSIS

Suppose any of the branches in the network has a current source, then it is slightly difficult to
apply mesh analysis straight forward because first we should assume an unknown voltage
across the current source, writing mesh equation as before, and then relate the source current
to the assigned mésh cwmis generally a difficult approach. On way to overcome this
difficulty is by applyi e supermesh technique. Here we have to choose the kind of
supermesh. A supermesh is constituted by two adjacent|loops that have a common current
source. As an example, consider the network shown in the|figure 3.9.

Vo ]




Here the current source 1 is in the common boundary for the two meshes 1 and 2. This current
source creates a supermesh, which is nothing but a combination of meshes 1 and 2.

Ril: + Ra(l2-13)=V
Or Rili1+ Rslz- Rals=V
Considering mesh 3, we have
Rs(ls-12)+ Ral3=0

Finally the current | from current source is equal to the difference between two mesh currents
le.

11-12=1

we have thus formed three mesh equations which we can solve for the three unknown
currents in the network.

Example 3.5. Determine the current in the 5Q resistor in the network given in Fig. 3.10

3 b

I 10Q

-
50v C)* 1
‘,__
50 : _

d
Figure 3.10

Solution: - From the first mesh, i.e. abcda, we have
50 = 10(11-12) + 5(11-13)

Or 151:-1012-515=50 (3.28)

From the second and third meshes. we can form a super mesh
10(l2-12)+212 +15+5(1s-11)=0

Or -1511+1212+613=0 (3.29)



The current source is equal to the difference between 11 and 11 mesh currents
ie. l-ls=2A (3.30)
Solving 3.28.,3.29 and 3.30. we have
11=19.99A,1.=17.33 A, and Is=15.33 A
The current in the 5Q resistor =11 -1s
=19.99 -15.33=4.66A
The current in the-5Q-rgsistor is4.66A. |

Example 3.6. Write the mesh equations for the circuit shown in fig. 3.11 and determine the

currents, I1, 12 and Is.
10V
.l.
I Cx
I2 I3
A
(510A 30 10
P «— 20)
4—
| | i
Figure 3.11

Solution ; In fig 3.11, the current source lies on the perimeter of the circuit, and the
first mesh is ignored. Kirchhoff*s voltage law is applied only for second and third meshes .

From the second mesh, we have
3(l2-12)+2(l2-13)+10 =0

or -311 4512-213= -10 (3.31)

From the third mesh, we have
Is + 2 (Is -12) =10

or -21:+31:=10 (3.32)



From the first mesh, 1:.=10A (3.33)
From the abovethree equations, we get

1:=10A, 1.=7.27, [5=8.18A

35 NODALANALYSIS

In the chapter | we discussed simple circuits containing only two nodes, including the
reference node. In general, in a N node circuit, one of the nodes is chosen as the reference or datum
node, then it is possible to write N -1nodal equations by assuming N-1 node voltages. For example,al0
node circuit requires nine unknown voltages and nine equations. Each node in a circuit can be
assigned a number or a letter. The node voltage is the voltage of a given node with respect to one
particular node, called the reference node, which we assume at zero potential. In the circuit shown in
fig. 3.12, node 3 is assumed as the Reference node. The voltage at node 1 is the voltage at that node
with respect to node 3. Similarly, the voltage at node 2 is the voltage at that node with respect to node
3. Applying Kirchhoff’s current law at node 1, the current entering is the current leaving (See Fig.3.13)

1
I1 GD % R:
3
R:

Figure 3.13

2

Figure 3.12

R

=—\\V\/'=

l1=V1/R1 + (V1-V2)/R2



Where Vi and V2 are the voltages at node 1 and 2, respectively. Similarly, at node
2.the current entering is equal to the current leaving as shown in fig. 3.14

Rz Ra4

Rs

Figure 3.14

(V2-V1)/R2 + V2/R3 + V2/(Rat+Rs) =0
Rearranging the above equations, we have
V1[1/R1+1/R2]-V2(1/Rz2)= I

Vi(1/R2) + Vz[l/Rz+1/R3_+J//(W=L

From the above equations we can find the voltages at each node.

Example 3.7 Determine the voltages at each node for the circuit shown in fig 3.15

W W
10Q \/ 20

3Q
b
10V CTD 50 g 5A 1Q 6Q
Figure 3.15
Solution : At node 1, assuming that all currents are leaving, we have
(V1-10)/10 + (V1-V2)/3 +V41/5 + (V1-V2)/3 =0
Or Vi[1/10+1/3+1/5+1/3]-V[1/3+1/3]=1
0.96V:1-0.66V2= 1 (3.36)
At node 2, assuming that all currents are leaving except the current from current source, we

have

(V2-V1)/3+ (V2-V1)/3+ (V2-V3)[2=5

-V1[2/3]+V2[1/3 +1/3 + 1/2]-V3(1/2) =5

-0.66V1+1.16V2-0.5Vs=5 (3.37)



At node 3 assuming all currents are leaving, we have

(V3-V2)/2 + V31 + V3/6 =0
-0.5V2+1.66V3s=0

Applying Cramer’s rule we get

1 -066 0
5 116 -05
V= -05 1.66 = = 8.06
! U9 U066 O 0.887
-066 1.16 -05
0 -05 166
Similarly,
096 1 o
-066 5 _gp5
0 0 1.66 9.06 =10.2
2 09  -U566 0 0.887
-066 116 -05
0 -05 166
096 -066 1
06 116 5
V= -05 0 2.73
3 09 -0.66 0 0.887
-066 1.16 -05
0 -05 166

(3.38)

36 NODAL EQUATIONS BY INSPECTION METHOD The nodal equations for a general planar network can also be written by
inspection without going through the detailed steps. Consider a three node resistive network, including the reference node, as shown in fig

R

R4

Figure 3.16



In fig. 3.16 the points a and b are the actual nodes and c is the reference node.

Now consider the nodes a and b separately as shown in fig 3.17(a) and (b)

R1 Va Ra Rs Vb Rs

(@) (b)
_ Figure 3.17 —

In fig 3.17 (a), according to Kirchhoff’s current law we have
l1+12+15=0
(Va-V1)/R1 +ValRo+ (Va-Vb)/R3=0 (3.39)
In fig 3.17 (b) , if we apply Kirchhoff’s current law
I+ Is= I3
+ (Vb-Va)/Rs + Vo/Rat+(Vb-V2)/Rs=0 (3.40)
Rearranging the above equations we get
(/Ri+1/Re+1/Rs)Va-(1/R3)Vo=(1/R1) V1 (3.41)
(-1/R3)Va+ (L/IRs+1/Ra+1/Rs)V=V2/Rs (3.42)
In general, the above equation can be written as

GaaVa+ GabVu=I1 (3.43)
GbaVa+ GopVo=I2 (3.44)

By comparing Egs 3.41,3.42 and Eqs 3.43, 3.44 we have the self conductance at node a,
Gaa=(1/R1 + 1/R2 + 1/Rs) is the sum of the conductances connected to node a. Similarly, Gov=
(1/Rs + 1/R4 +1/Rs) is the sum of the conductances connected to node b. Ga=(-1/Rs3) is the sum
of the mutual conductances connected to node a and node b. Here all the mutual
conductances have negative signs. Similarly, Gr== (-1/Rs) is also a mutual conductance
connected between nodes b and a. I1 and 1. are the sum of the source currents at node a and
node b, respectively. The current which drives into the node has positive sign, while the
current that drives away from the node has negative sign.



E am Ie .8 far the circuit shown inthe Aigure 3.18 write the nodegquations by the
mspectlon met

50 4Q
10V 20
T T2V 5V -
Fig 3.18

Solution:-

The general equations are

GaaVatGaVo=l1 (3.45)

GbaVa + GooVo=l2 (3.46)

Consider equation 3.45

Gaa=(1+ 1/2 +1/3) mho. The self conductance at node a is the sum of the conductances
connected to node a.

Gob = (1/6 + 1/5 + 1/3) mho the self conductance at node b is the sum of conductances
connected to node b.

Gan =-(1/3) mho, the mutual conductances between nodes a and b is the sum of the
conductances connected between node a and b.

Similarly Gea = -(1/3), the sum of the mutual conductances between nodes b and a.

1:=10/1 =10 A, the source current at node a,



I2=(2/5 + 5/6) = 1.23A, the source current at node b.

Therefore, the nodal equations are

1.83V0.33Vb=10 (3.47)
-0.33V«+0.7V= 1.23 (3.48)
3.7 SUPERNODE ANALYSIS

Suppose any of the branches in the network has a voltage source, then it is slightly difficult to
apply nodal analysis. One way to overcome this difficulty is to apply the supernode technique.

In this method, the two adjacent nodes thaj are connected by-ayoltage source are reduced to a
single node and then tm-ethItion e\fgr y applyin@hhoffs current law as usual.

This is explained with the help of fig. 3.19

V1 V2 + \V&

\/ ; ;
Rz Vx g

I (‘D R1 Rs < R4 Rs

FIG 3.19

It is clear from the fig.3.19, that node 4 is the reference node. Applying Kirchhoff’s current
law at node 1, we get

I=(VJ/R1) + (Vi-V2)/R2

Due to the presence of voltage source V, in between nodes 2 and 3 , it is slightly
difficult to find out the current. The supernode technique can be conveniently applied in this
case.

Accordingly, we can write the combined equation for nodes 2 and 3 as under.



(V2-V1)/IR2+ V2/Rs + (V3-Vy)/Rs +V3/Rs= 0
The other equation is

V2-V3 =V«

From the above three equations, we can find the thrjee unknown voltages.

Example 3.9 Determine the current in the 5 Q resistqr for the circuit shown in fig.

3.20

V1
\/ 20V

10

~w— O |
\

Gﬁ.o A3Q

10V

Solution. At node 1
10=Vi/3 + (Vi-V2)/2
Or  Vi[1/3 +1/2]-(V2/2)-10=0
0.83V1-0.5V>-10=0 (3.49)

At node 2 and 3, the supernode equation is
(V2-V1)/2 + V2/1 + (V3-10)/5 +V3/2 =0
Or V12 +V[(1/2)+1]+ V3[1/5 + 1/2]=2
Or  -0.5Vi+ 1.5V2+0.7V3-2=0
The voltage between nodes 2 and 3 is given by

V2-V3=20

(2.50)

(3.51)

20)

fig. 3.20



The current in 5Q resistor Is=(V3-10)/5 Solving
equation 3.49, 3.50 and 3.51, we obtain
V3=-8.42V

Currents 1s=(-8.42-10)/5 = -3.68 A (current towards node 3) i.e the current
flows towards node 3.

3.8 SOURCE TRANSFORMATION TECHNIQUE

In solving networks to find solutions one may have to deal with energy sources. It has
already been discussed in chapter 1 that basically, energy sources are either voltage sources or
current sources. Sometimes it is necessary to convert a voltage source to a current source or
vice-versa. Any practical voltage source consists of an ideal voltage source in series with an
internal resistance. Similarly, a practical current source consists of an ideal current source in
parallel with an internal resistance as shown in figure3.21. Rv and Ri represent the internal
resistances of the voltage source Vs, and current source Is respectively.

Rv

b fig. 3.21 b

Any source, be it a current source or a voltage source, drives current through its load
resistance, and the magnitude of the current depends on the value of the load resistance. Fig
3.22 represents a practical voltage source and a practical current source connected to the
same load resistance Rv.

Rv



A

(@) (b)
Figure 3.22
From fig 3.22 (a) the load voltage can be calculated by using Kirchhoff’s voltage law as
Va=Vs-1LRv

The open circuit voltage Voc=Vs
v s

The short circuit current Ise= ___
Rv
from fig 3.22 (b)
l=ls-1=1s-(Va/R1)
The open circuit voltage Vo= IsR:

The short circuit current lse=Is

The above two sources are said to be equal, if they produce equal amounts of current
and voltage when they are connected to identical load resistances. Therefore, by equating the
open circuit votages and short circuit currents of the above two sources we obtain

Vo=IsR1=Vs
Ise=1s=Vd/Rv
It follows that
Ri=R=Rs;  Vs=IsRs

where Rs is the internal resistance of the voltage or current source. Therefore, any
practical voltage source, having an ideal voltage Vs and internal series resistance Rs can be
replaced by a current source Is=Vs/Rs in parallel with an internal resistance Rs. The reverse



tansformation is also possible. Thus, a practical current source in parallel with an internal

resistance Rs can be replaced by a voltage source Vs=IsRs in series with an internal resistance
Rs.

Example 3.10 Determine the equivalent voltage source for the current source shown in fig
3.23

SA

5Q
D

AN

Figure 3.23

Solution: The voltage across terminals A and B is equal to 25 V. since the internal resistance

for the current %urcWMernal resistance of the voltage source is also 5 Q. The

equivalent voltage souvce 1€ shown in fig. 3.24.

5Q

25V gb

Fig 3.24 —/ W

Example 3.11 Determine the equivalent current source for the voltage source shown in fig. 3.25

Vo

300

S0V




Solution : the short circuit current at terminals A and B is equal to

I=50/30 =1.66 A

Fig 3.26

Since the internal resistance for the voltage source is 30Q, the internal resistance of
the current source is also 30 Q. The equivalent current source is shown in fig. 3.26.



NETWORK THEOREMS

Before start the theorem we should know the basic terms of the network.
Circuit: It is the combination of electrical elements through which current
passes is called circuit.
Network: It is the combination of circuits and elements is called network.
Unilateral :It is the circuit whose parameter and characteristics change with
change in the direction of the supply application.
Bilateral: It is the circuit whose parameter and characteristics do not change
with the supply in either side of the network.
Node: It is the inter connection point of two or more than two elements is
called node.
Branch: It is the interconnection point of three or more than three elements is
called branch.
Loop: It is a complete closed path in a circuit and no element or node is taken
more than once.
Super-Position Theorem :
Statement :" It states that in a network of linear resistances containing more than
one source the current which flows at any point is the sum of all the currents
which would flow at that point if each source were considered separately and
all other sources replaced for time being leaving its internal resistances if any".

R R»
MWW AW
E:.-—.
n T R _::E
Explanation :

Considering E1 source
R1 '

Step 1.
R2&r are in series and parallel with Rs and again series with R:



(Rz2+r2) || R3
_(R2+rz)Rs_ m
Rk )
Rti=m+R1+ 1y
E

=1

1 Rt

I = [1 . R}

2 Ry+r+Rs
| = I1(R2 +12)

3 R2+r2+Rs
Step -2
Considering E2 source,Ri&r2 are series and Rs parallel and Rz in series

(Rit+r1) || Rs
_(Ritri)Rs_ N
Tonw V)

Rt.=n+R2tn
E

| =
2 Rt
l21 (R1+11)
RFfrfrR

1 1 3
I'= 1. Ry
' RFTTRC

1 1 3
Step—3
Currentin Ritbranch =1 - K .
CurrentinRzbranch=1-1/

. 2 2
CurrentinRsbranch=1_1'
3 3

The direction of the branch current will be in the direction of the greater value
current.
Thevenin’s Theorem :

The current flowing through the load resistance R: connected across any two
terminals A and B of a linear active bilateral network is given by

! —
|3

Where Vi = Vo IS the open. circuit voltage across A and B terminal when Rc is
removed.

Ri =Run is the internal resistances of the network as viewed back into the open
circuit network from terminals A & B with all sources replaced by their internal
resistances if any.



Explanation :

Step — 1 for finding Voc

Remove R. temporarily to find Vec.
R;

MWW [

;

| = E

Ri+Ra+r
Voc= IR2
Step — 2 finding R
Remove all the sources leaving their internal resistances if any and viewed from
open circuit side to find out Ri or Ru.

Ry

s od

Ri=(R1t1) || Rz
R = (R1+ I’)Rz
' R¥r+rR
1 2

Step—3

Connect internal resistances and Thevenin’s voltage in series with load
resistance R..



Where Rw=thevenin resistance
Vun=thevenin voltage
lin=thevenin current

Ri= (Rit )[R
_ Vth = Voc
= RFR~ RR_
l i L
Example 01- Applying thevenin theorem find the following from given
figure

(i)  the Current in the load resistance R. of 15
30

AMAA
wTyy

LS

AAAA
vy
—
h
)

0oe

Solution : (i) Finding Voc
~» Remove 15 resistance and find the VVoltage across A and B

30
VYV W—
24v L §§12Q
r=1Q T
B
Vo IS the voltage across 12 resister
\/OC'— +_3_+1
(i) Finding Rn
Ruw 1s calculated from the terminal A & B into the network.
Thel resisterand3 in are series and then
parallel 30
Rn=3+1//12 . >
=120 3120
— 4 - 12 - 3
16




Voo - 18 _
@) In=-= x = -1A
Ri+R  15+3
Example 02: Determine the current in 1Q resistor across AB of the network
shown in fig(a) using thevenin theorem.

Solution:The circuirt can be redrawn as in fig (b).

é)x-zw 5
L = fig (a),(b),(c),(d) respectively

Step-1 remove the 1Q) resistor and keeping open circuit . The current sourceis
converted to the equivalent voltage source as shown in fig (c)
Step-02 for finding the Vi we'll apply KVL law in fig (c)
then 3-(3+2)x-1=0
x=0.4A
Vin=Vae =3-3*0.4=1.8V
Step03-for finding the Ru,all sources are set be zero
Rin=2//3=(2*3)/(2+3)=1.2Q
Step04- Then current 1n=1.8/(12.1+1)=0.82A



Example03: The four arms of a wheatstone bridge have the following
resistances .

AB=100Q,BC=10Q,CD=4Q,DA=50Q.AA galvanometer of 20Q
resistance is connected across BD. Use thevenin theorem to compute the current
through the galvanometer when the potential differencel0V is maintained across
AC.

Solution:

= > .
el 1Y

step 01- Galvanometer is removed.
step02-finding the Vi between B&D.ABC is a potential divider on which a
voltage drop of 10vtakes place.
Potential of B w.r.t C=10*10/110=0.909V
Potential of D w.r.t C=10*4/54=.741V
then,
p.d between B&D is Vin=0.909-.741=0.168V
Step03-finding R
remove all sources to zero keeping their internal resistances.




Ru =Rep=10//100+50//4=12.790Q)
Step04,
lastly ln=Vu/Rn+R1=0.168/(12.79+20)=5mA

Norton's Theorem

Statement : In any two terminal active network containing voltage sources and
resistances when viewed from its output terminals in equivalent to a constant
current source and a parallel resistance. The constant current source is equal to
the current which would flow in a short circuit placed across the terminals and
parallel resistance is the resistance of the network when viewed from the open
circuit side after replacing their internal resistances and removing all the sources.

OR
In any two terminal active network the current flowing through the load

resistance Rv is given by
g - R

Ri- R
Where Ri is the internal resistance of the network as viewed from the open ckt
side A & B with all sources being replaced by leaving their internal resistances
if any.

Isc is the short ckt current between the two terminals of the load resistance
when it is shorted
Explanation :
R; a A

) -

L

B

Step—-1
A &B are shorted by a thick copper wire to find out Is
Is(;: E/(R1+ I’)



v Isc

B

s =E/ (Rl +r)

Step—2
Remove all the source leaving its internal resistance if any and viewed from

open circuit side A and B into the network to find Ri .
A

v d

R, %

*B

Ri= (Rit )[R
Ri= (R1t NR2/(R1+ r+R2)

NG

Step—3

Connect Isc & Ri in parallel with Rc

| = I - Ri

L R +RL
Example 01:Using norton's theorem find the current that would flow through
the resistor Rz whenit takes the values of 12Q,240&36Q) respectively in the fig
shown below.
Solution:




NCA

L

- pe—

Step 01-remove the load resistance by making short circuit. now terminal AB
short circuited.
Step 02-Finding the short circuit current ls
First the current due to E:1is =120/40=3A,and due to E2 is 180/60=3A.
then 1=3+3=6A
Step 03-finding resistance Rn
It is calculated by by open circuit the load resistance and viewed from open
circuit and into the network and all sources are taken zero.
Rn=40//60=(40*60)/(40+60)=240Q)
i) when Ri=12Q), 1.=6*24/(24+36)=4A
ii) when RL.=24Q,1.=6/2=3A
iii) when RL.=36Q,1.=6*24/(24+36)=2.4A

Maximum PowerTransfer Theorem

Statement : A resistive load will abstract maximum power from a network
when the load resistance is equal to the resistance of the network as viewed
from the output terminals(Open circuit) with all sources removed leaving their
internal resistances if any

Proof : A
| L= Vth \/II_
RTR
i L R1
Power delivered to the load g
resistance is given by - Ri
P=17R
LV L 2 \rth
- th RL ‘I—i B

R+ R,



V R
= thl
(Ri+RL)?

Power delivered to the load resistance R. will be maximum

dP
When —=0
dRL
d V2R

+dR- (R+IRYZ— =0

L i L
VZR+R)?-VR - 2(R+R)
th i L th L. -
RFR))” — =0
“V2(R+R2-V2R . +
Vth(RiR)L v Rth L2(R I? L) 0

+V2h(R_+R)2L— 2VR(R+R )=0
tl i

th L i L
+VZ(R+R)2=2VR(R+R)
th i L th L i L
+Ri +tRL=2RL.
- Ri = 2R|_ - RL
+Ri=RL
2
(PL) max = _t\‘/ RL
(Ri* RL)?
V 2
= th RL
4|_R2
2
:_thV, RL
4R|_2

2
(PL) max = oV )
erL

MILLIMAN’S THEOREM :
According to Millimans Theorem number of sources can be converted

into a single source with a internal resistance connected in series to it,if the
sources are in parallel connection.

According to the Milliman’s theorem the equivalent voltage source

|5.1+E.1+_E.1+L
E= 'R, ° R R
L L L
R
Ri R: R3 R R R: R:
E E E; E.




_E1Gi+ E2G2+ E3Gst ..
G1t Got G3t ...

14 Ez_,_ Es_,_ .
_Ri Rz Rs

Git Got Gst ...
_ ittt

Gi1t Got Gs+ ...
Example — Calculate the current across 5Q resistor by using Milliman’s Thm.

Only

E

A
20 2R, R
R, S @ ZRq
T - s
Ri- 30
E, 6v E> 12v
T B

Solution :- Given,
Ri=2Q, R:=6Q R3=4Q, RL=5Q0

Ei= 6v, E.=12v
the resistance Rz is not calculated because there is no voltage source
E1_|_ E2-|— Es
= R:. R
Vo= E 2 3
+ — —
Ri Rz Rs
6,012
:—2 "~/
1,1,1
2757
_3+0+3 _6 ,
57573 1L 654
L 1 12 -~ WY
R = 1 ="=""=1.09.2 1.09Q 3
Pl + 1 + 1 H 1—1 i :Em
RR R OD .
Voc __ 654 _ e :
| = —/———= =1.07Amp. f
" 1.09+5 1.09+5 j I
COMPENSATION THEOREM :
Statement :

It’s states that in a circuit any resistance ‘R” in a branch of network in
which a current ‘I’ is flowing can be replaced. For the purposes of calculations
by a voltage source = - IR

OR



If the resistance of any branch of network is changed from R to R +4R
where the current flowing originaly is i. The change current at any other place
in the network may be calculated by assuming that one e.m.f — I R has been
injected into the modified branch. While all other sources have their e.m.f.
suppressed and ‘R’ represented by their internal resistances only.

Ri=5 iy 2.5 iz -2.5A
= 75v R,-200 R; =200
Exp - (01)
Calculate the values of new currents in the network illustrated . when the

resistor Rs is increased by 30%.

Solution :- In the given circuit , the values of various branch currents are
1= 75/(5+10) = 5A

_ 5 * 20 Ri":
|3:|2 - :25Amp & Al“‘ 1 |
o oy L
Now the value of Rs, when it increase 30% T B 3R
Rs=20+(20 - 0.3)=26 R, F0 ] 269
IR=26-20=6 < S
V=-I R i
I L R s
= _15V 5. 20 100 \J'""f '\ . 1: S.Amp
5[120 = -4 so Lr," gRs
5"‘ -?[g 200 T 2602
I '= = 0 5Amp ::—;q\.
%*265 3 ! A
=0.1Amp g==s L
2 —25~
|'=O5'20=04Amp
! 25

"= 5~ 0.4= 4.6Amp

I,"=0.1+ 2.5=2.6Amp
[3"=25-05=2Amp
RECIPROCITY THEOREM :
Statement :




It states that in any bilateral network, if a source of e.m.f ‘E’ in any
branch produces a current ‘I’ any other branch. Then the same e.m.f ‘E’ acting
in the second branch would produce the same current ‘I’ in the 1% branch.

Step — 1 First ammeter B reads the current in this branch due to the 36v source,

the current is given by

412=* 2=

16 _
R=2+4+3=9 ik -
Izrf=4Amp

wyy' Tyy

S Ty —L36v

(S
!
r

B

AAAA
Wy

.
12+3+1 16 S

ls =current through 1  resister 4Q B

Step — (11) Then interchanging the sources

and measuring the current

6 |12 :6-1%272:4
12 18

R=4+3+1-8 i

B 1 36V

36 =12 .

I= 3£: 4.5Amp, 1= 45 -12_ 3Amp Transfer resistance = v

8 A Bt2

COUPLED CIRCUITS

It is defined as the interconnected loops of an electric network through the
magnetic circuit.
There are two types of induced emf,

(1)  Statically Induced emf.

(20  Dynamically Induced emf.

Faraday’s Laws of Electro-Magnetic :

Introduction -= First Law :-=

Whenever the magnetic flux linked with a circuit changes, an emf is induced in

it.



OR
Whenever a conductor cuts magnetic flux an emf is induced in it.
Second Law :-=
It states that the magnitude of induced emf is equal to the rate of change of flux
linkages.
OR
The emf induced is directly proportional to the rate of change of flux and

number of turns
Mathematically :

do
dt
ea N
do
Or e =-N it
Where e = induced emf
N = No. of turns
¢ = flux
‘- ve’ sign is due to Lenz’s Law
Inductance : ==

It is defined as the property of the substance which opposes any change in

Current & flux.
Unit : == Henry
Fleming’s Right Hand Rule:

It states that “hold your right hand with fore-finger, middle finger and
thumb at right angles to each other. If the fore-finger represents the direction of
field, thumb represents the direction of motion of the conductor, then the middle
finger represents the direction of induced emf.”

Lenz’s Law : =

It states that electromagnetically induced current always flows in such a
direction that the action of magnetic field set up by it tends to oppose the vary
cause which produces it.

€ a

OR
It states that the direction of the induced current (emf) is such that it
opposes the change of magnetic flux.
(2) Dynamically Induced emf ;~=



b AV AN RN IR PN

o >
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In this case the field is stationary and the conductors are rotating in an
uniform magnetic field at flux density ‘B” Wb/mt? and the conductor is lying
perpendicular to the magnetic field. Let ‘I’ is the length of the conductor and it
moves a distance of ‘dx’ nt in time ‘dt’ second.

The area swept by the conductor = I. dx
Hence the flux cut = ldx. B

Change in flux in time ‘dt’ second = %
E =Blv
Where V = dx
dt
If the conductor is making an angle 6’ with the magnetic field, then
e = BlvsinB

(1) Statically Induced emf :-=
Here the conductors are remain in stationary and flux linked with it

changes by increasing or decreasing.

It is divided into two types .
(i)  Self-induced emf.

(i)  Mutually-induced emf.

(i) Self-induced emf : == It is defined as the emf induced in a coil due to the
change of its own flux linked with the coil.
L

(000070

v
If current through the coil is changed then the flux linked with its own
turn will also change which will produce an emf is called self-induced emf.

Self-Inductance :



It is defined as the property of the coil due to which it opposes any
change (increase or decrease) of current or flux through it.

Co-efficient of Self-Inductance (L) : ==

It is defined as the ratio of weber turns per ampere of current in the coil.

OR

It is the ratio of flux linked per ampere of current in the coil
1st Method for ‘L’ : =

LMo

I

Where L = Co-efficient of self-induction

N = Number of turns

¢ = flux

| = Current

2nd Method for L ;==
We know that

L Nob

I
+LlI =N@

dt
Where L = Inductance

e=-N d is known as self-induced emf.
L dt

dl _
When —= lamp/sec.
dt

e =1volt
L =1 Henry




A coil is said to be a self-inductance of 1 Henry if 1 volt is induced in it.
When the current through it changes at the rate of 1 amp/ sec.

3rd Method for L : ==
| =MoM AN 2

I

Where A = Area of x-section of the coil

N = Number of turns

L = Length of the coil
(i)  Mutually Induced emf : ==

It is defined as the emf induced in one coil due to change in current in
other coil. Consider two coils ‘A’ and ‘B’ lying close to each other. An emf will
be induced in coil ‘B’ due to change of current in coil ‘A’ by changing the
position of the rheostat.

{E gi

Mutual Inductance : ==

It is defined as the emf induced in coil ‘B’ due to change of current in coil
‘A’ is the ratio of flux linkage in coil ‘B’ to 1 amp. Of current in coil ‘A’.
Co-efficient of Mutual Inductance (M)

Coefficient of mutual inductance between the two coils is defined as the
weber-turns in one coil due to one ampere current in the other.
1st Method for ‘M’ ;=

v N,

l1

N2 = Number of turns

M = Mutual Inductance

¢1 = flux linkage

I1 = Current in ampere
2nd Method for M ;=

We know that
M = N Zd)l
I1
+ Ml = N2¢1
+ =Ml = de)l




KN _M 1— _N m
g0
=+ -M 1— e
at M
+M dll_z -e
d M
+ M= ~
dis
dt,y
Uy .
Where ey= N, — is known as mutually induced emf.
em= —1volt

Then M =1 Henry

A coil is said to be a mutual inductance of 1 Henry when 1 volt is
induced when the current of 1 amp/sec. is changed in its neighbouring coil.

3rd Method for M ;==
M = Mo M AANN,

I
Co-efficient of Coupling :
Consider two magnetically coupled coils having N: and N: turns

respectively. Their |nd|V|duaI co-efficient of self-inductances are
M M AN?
L, =4;2|
M M AN?
L,=——or 2
I
The flux ¢: produced in c0|l ‘A’ due to a current of I ampere is

M M AN2 |
(;bl = 11-_  or 1 ..1
\t I N1
b= Mo M AN
—_—
Suppose a fraction of this flux i.e. Kid1 is linked with coil ‘B’
Then M="P: _N= kN, 1)

1 2 /MM A
Similarly the flux ¢2 produced in coil ‘B’ due to I2amp. Is

- MM AN,

2 _I_

Suppose a fraction of this flux i.e. Ka¢:2 is linked with coil ‘A’
Then M= KZd)Z . N= K NN, (2)

I2 L 1/MMA
Multiplying equation (1) & (2)



2 KKNzNz
- 121 0.\
12/ M,2M, 2 A? *
2 MMAN? M M AN 2

:|< o) r 1 or 2
[QKi=Ko=K ]
M2=K?Z2L.L
12
Li.L>
e M.
Li.L>

Where ‘K’ is known as the co-efficient of coupling.
Co-efficient of coupling is defined as the ratio of mutual inductance
between two coils to the square root of their self- inductances.

Inductances In Series (Additive) :~=

Fhuxes are in the same durection

Let M = Co-efficient of mutual inductance
L: = Co-efficient of self-inductance of first coil.

L. = Co-efficient of self-inductance of second coil.
EMF induced indflirst coil due to self-inductance

e =-L __
H tdt
Mutually induced emf in first coil
_ dl
e ~-M_
' dt
EMF induced in second coil due to self induction
e, =-L di
L, Zdt
Mutually induced emf in second coil
_ dl
e, —~M_
? dt

Total induced emf
e=e +e +e +e
Ly Lo M 1 M,

If ‘L’ is the equivalent inductance, then



dl dl dl dl
‘Lur V) e

T_L = LL ‘ZM)
- 2
dt dt 1!
+L=Lit+ L+ 2M

Inductances In Series (Substnactlve) =
L

fw%f’mﬁ

(Fluxes are opposﬂe in direction)

Let M = Co-efficient of mutual inductance
L. = Co-efficient of self-inductance of first coil
L. -= Co-efficient of self-inductance of second coil

Emf induced i 4N, first coil due to self induction,
e = —L
L1

Mutually induced eanf in firsgcoil

I

e =- - M =M
o w w
Emf induced i ings, econd coil due to self-induction
e =-L___

L2 2

Mutually induced elamf insecgnd coil

e =--M =M
M dt dt
Total mduced emf
éu+e o T di dl . . dl
Then —L 7 =— o "L M M
o d- ogt @ dF
R (A} SL=L+L - 2M
o 2
dt  dt 1 2 '

Inductances In Parallel : ==



L

Let two inductances of Li& L, are connected in parallel
Let the co-efficent of mutual inductance between them is M.

=it
di _ di, , di, )
o a W
e:Ldll_I_Mdlz
T
iz, diy
gi g%t W
sL2r M= iy, dic
lgt .dt 2dt Of

L -M) d}(L—M) di,
! dt 2 dt
. dil_:(Lz— M) diz_ )
dt (L1 - M) dt
dl _ dilJr di,
dt dt dt
:(Lz—M)diz_I_diz
(Li- M) dt dt
di L,-M diz

1
If ‘L’ is the equivalent inductance

di . )
e =1L dl1 d_z_
a=La M
LB diny gy e
ot tdt

LAl diy gdie g
at L tdtT dd_t
Substituting the value of l

dt
di 1 L,-M di,

¢ T ‘C=v— Tt
1

Equating equation (3) & (5)



L,—-M +1dip 1= Lpo-M +d b

L-M __d L L-M _ dt
1 1
L-M 1 L,-M
1 b—= M
1 L 1
L-M+L-M 1 LL-LM+LM-M?
a2 1 — 12 g 1
L.-M T Li-M
L+L- 2M 1 LL-M?
=1 2 - T,
Li-M T— Li-M
1 )
+L+L-2M=" LL -M
12 | 12
L,szMz
Lit L= 2M

When mutual field assist.
LL-M?
L =—tr+5+2mt
When mutual field opposes.
CONDUCTIVELY COUPLED EQUIVALENT CIRCUITS

The Loop equation are from fig(a)

vor Som®
totdt o dt
v=L dizg gy, dis
2 2t dt

A w
-m) u&f“) t
s Ll 1"2
| v, M n
| o
- 0
The loop equation are from fig(b) 2 vl

vee myuem 9 )
1 - 2

1 dt dt 1



va ) Peem 96y
- 2

? 2 dt dt 1
Which, on simplification become
v=r iy dz
tootdt dt
y=L dizg gy dis
2 2t dt
So called conductively equivalent of the magnetic circuit . Here we may

represent Za = Li-M .
Zs = (L-M) and Zc =M
In case M is + ve and both the currents then Za = Li-M , Zs = L>-M and Zc =
M, also , if is — ve and currents in the common branch opposite to each other
Za=L1+M , Zs = Lo+M and Zc = - M.
Similarly, if M is —ve but the two currents in the common branch are additive,
then also.
Za=L1+M , Zs = L+M and Zc = - M.

Further Za , Zs and Zc may also be assumed to be the T equivalent of the circuit.
Exp.-01:

Two coupled cols have self inductances Li= 10- 10°H and L.= 20- 10" ®H.
The coefficient of coupling (K) being 0.75 in the air, find voltage in the second
coil and the flux of first coil provided the second coils has 500 turns and the
circuit current is given by i1 = 2sin 314.1A.
Solution :

M =K 4/Lil>

M=0.7518/ - 103 - 20 - 103
+M=106- 103H

The voltage induced in second coil is
[ di
v=M'l=m&

2 Eddt

=106 102 —(2sin 314t)
dt

=10.6 - 10 - 2 - 314cos 314t.
The magnetic CKt being linear,

gl _ I\E%_ _500 - .(Kd)l)
= i

1
106 .¢°

cip " 2sin 314t
500 - K 500 - 0.75

=5.66 - 10°sin 314t




h=5.66 - 10-° sins 314t.
Exp. 02

Find the total inductance of the three series connected coupled
coils.Where the self and mutual inductances are
L:=1H, L2=2H, Ls=5H Mw=
0.5H, M2 = 1H, M1z = 1H
Solution:

Lo =Li+ M2+ M

=1+20.5+1
= 2.5H

Le = L2+ M2 + Mz

=2+1+05
= 3.5H

Le =Ls+ Ma2zs+ M

=5+1+1
=7H

Total inductances are

Lea = La+Ls+ Le

=25+35+7
= 13H (Ans)
Example 03:

Two identical 750 turn coils A and B lie in parallel planes. A current
changing at the rate of 1500A/s in A induces an emf of 11.25 V in B. Calculate
the mutual inductance of the arrangement .If the self inductance of each coil is
15mH, calculate the flux produced in coil A per ampere and the percentage of
this flux which links the turns of B.

Solution: We know that
Mdl,
dr

€y =

LJ=M=‘-"’”_*-=ﬂ=153“"_E=2$10'="Wb/A

I RN TE0
M 75+107
JT.L, 15+107

=0.5=30%



A.C FUNDAMENTAL

Direct Current

Alternating Current

Ny

1

t —>

iT

(

{ —>»

(1)

(2)
(3)

4)

D.C. always flow in one
direction and whose magnitude
remains constant.

High cost of production.

It is not possible by D.C.
Because D.C. is dangerous to the
transformer.

Its transmission cost is too high.

(1)

(2)
3)

4)

A.C. is one which reverse
periodically in

direction and whose magnitude
undergoes a definite cycle changes
in definite intervals of time.

Low cost of production

By using transformer A.C. voltage
can be decreased or increased.

A.C. can be transmitted to a long
distance economically.

Definition of A.C. terms :-
Cycle : It is one complete set of +ve and —ve values of alternating quality

spread over 360° or 21 radan.

Time Period : It is defined as the time required to complete one cycle.
Frequency : It is defined as the reciprocal of time period. i.e. f=1/T

Or

It is defined as the number of cycles completed per second.
Amplitude : It is defined as the maximum value of either +ve half cycle or —ve

half cycle.

Phase : It is defined as the angular displacement between two haves is zero.




OR

Two alternating quantity are in v

phase when each pass through their zero I

value at the same instant and also attain v 7T
their maximum value at the same instant in

a given cycle. il t—y
V = Vmsinwt
I = Im Sin Wt

Phase Difference :- It is defined as the angular displacement between two
alternating quantities.
OR
If the angular displacement between two waves are not zero, then that is
known as phase difference. i.e. at a particular time they attain unequal distance.

v

b o— NS

OR

Two quantities are out of phase if they reach their maximum value or
minimum value at different times but always have an equal phase angle between
them.

Here V = Vm sin wt

i = I sin (Wt-¢)

In this case current lags voltage by an angle ‘¢’.

Phasor Diagram :
Generation of Alternating emf :-

Consider a rectangular coil of ‘N” turns, area of cross-section is ‘A’ nt? is
placed in
x-axis in an uniform magnetic field of maximum flux density Bm web/nt?. The
coil is rotating in the magnetic field with a velocity of w radian / second. At
time t = 0, the coil is in X-axis. After interval of time ‘dt’ second the coil make
rotating in anti-clockwise direction and makes an angle ‘6’ with x-direction. The
perpendicular component of the magnetic field is ¢ = ¢bn cos wt

According to Faraday’s Laws of electro-magnetic Induction



Where

e:_
N
dt

=-N diCP c0S Wt)
de m

= -N (~bnw cos wt)
= Nwcbm sin wt
= 2r1ftNgbm sin wt(Qw = 2r7f )
= 2rMtNBmAsin wt
e = Emsin wt

Em=2MfNBnA
f - frequency in Hz
Bm-= Maximum flux density in Wh/mt?

Now when 6 orwt=90° e

= Em
Em = 2ofNBnA

le.

Root Mean Square (R.M.S) Value : =

The r.m.s. value of an a.c. is defined by that steady (d.c.) current which
when flowing through a given circuit for a given time produces same heat as
produced by the alternating current when flowing through the same circuit for

the same time.
Sinuscdial alternating current is
I=Imsinwt=1Insin©

The mean of squares of the instantaneous values of current over one
complete cycle

“i2.d6

o en-0)

The square root of this value is

o 2
_ (] sin B)? 0
, —S-2r—d



Average Value ;-
The average value of an alternating current is expressed by that steady
current (d.c.) which transfers across any circuit the same charge as it transferred

by that alternating current during the sae time.
The equation of the alternating current is i = Im Sin 6

mi.d@
ly= -
o (m-0)
=1 wsind g =" s g g
0 7
n [—cos@]" =" [—cosn —(cosOUJ
T 0 T
=1 o)
T
21,
Iav n

2 - Maximum Current

av

T
Hence, lay=0.637In

The average value over a complete cycle is zero



Amplitude factor/ Peak factor/ Crest factor :- It is defined as the ratio of
maximum value to r.m.s value.
Ka = MaximumValue _ Im_

RM.S.value  In
2
Form factor : - It is defined as the ratio of r.m.s value to average value.
m.s.val _0.707Im_
_ rms.Value _ m— J3=1414
Average.Value  0.637In

Kf=1.11

J2=1.414

Phasor or Vector Representation of Alternating Quantity : -
Ay Ay

N

An alternating current or voltage, (quantity) in a vector quantity which
has magnitude as well as direction. Let the alternating value of current be

represented by the equation e = Em Sin wt. The projection of Em on Y-axis at

any instant gives the instantaneous value of alternating current. Since the
instantaneous values are continuously changing, so they are represented by a
rotating vector or phasor. A phasor is a vector rotating at a constant angular
velocity

Atty, e1=En §i|’1 Wiy

At tz, e2=Emsin wt,
Addition of two alternating Current ;-

Let e:=Ensinwt
e2= Ensin(wt _ ¢p)
2 E, E
The sum of two sine waves of the same
frequency is another sine wave of same )
frequency but of a different maximum value and ' E >

Phase.

e=.Jc™+ e} 2¢ ¢ gosp
Phasor Algebra ;==
A vector quantity can be expressed in terms of
(i)  Rectangular or Cartesian form
(i) Trigonometric form
(ili)  Exponential form



(iv) Polar form

E=a+jb
=E(cos B +jsinB)
Where a=E cos 6 is the active part
b =Esin 6 isthe reactive part

6 =tan! ab = Phase angle

i=1(90%)
j>=-1(180°)
P=-i2r0)j
4=1 (3609

Esin g

()  Rectangular for :-
E=atjb
tan@=b/a
(i)  Trigonometric form :-
E=E(cosB +jsin8)
(iii) Exponential form :-
E=Eet®
(iv) Polar form :-
E=E/ze (E=+a2+Db?)
Addition or Subtration :-
Ei= a1t jbiE>

=ax+ jb2
Ei+Ex= (a1t az) £ (br+hy
-1 bithe
1 2
Multiplication : -

Ei- E2=(a1tjar) + (a1t jbe)
= (a1a2— bib2) + j(a1az t bibz)

Ecose




1 aithyt+ bay

12 12
E1=E136,
E,=E»36,
Ei- E2=EiE; 3¢t @b,
Division :-
E1=E136,
E,= E»36,
Egze-Fu-0
E. Ex»6: E, = 7

A.C. through Pure Resistance :-=

Let the resistance of R ohm is connected across to A.C supply of applied
voltage

—_—
R é \"v
Jsi
el
. e = Emsin Wt or v = Vpsin wt
e=EmsSinWt————————————_ (1)
Let ‘I’ is the instantaneous current .
Heree = iR
—i=¢e/lR
| =EnsinWt/R——————————— 2

By comparing equation (1) and equation (2) we get alternating voltage
and current in a pure resistive circuit are in phase

Instantaneous power is given by

P=ei
= Emsinwt. Imsin wt e = Ensin ¥t
= Enm I sin” wt I = Imsin wt
= Enlo oin? wt T

2
= Ell”‘. 1 - cos 2wt)

AN =

p=En ln  E.




Where Yn ! is called constant part of power.

2 2

V_”‘ Il.sos 2wt is called fluctuating part of power.
v2 2

The fluctuating part %.cos 2wt of frequency double that of voltage and current
waves.

ms* rms

. Vi |
Hence power for the whole cycleis P = m_ =\
i ’ NG

+P=VI watts

A.C through Pure Inductance : ==
Let inductance of ‘L’ henry is connected across the A.C. supply

()
s

v = Vmsin wt

vV = Vpsinwt(1)
According to Faraday’s laws of electromagnetic inductance the emf induced
across the inductance

V = Lﬂ
" dt v = Vmsin wt
- Is the rate of change of current i = I sinwi— 712)
V sinwt=1L i
m dt
di _ Vmsinwt LS 5
T i —np—p

s di= Vnsinwtdt L
Integrating both sides,

di=—"sinwt.dt
: L
j=Vm _coswt
-+ —W



i~ _ Vmcos wt

y wL
i=—- ™coswt
WL a
i=- Msin wt —
W 2
=— T sin  wt-—[QX =2nfL=wL]
- L
XL 2
Maxi\{nmum valueofiisg . .
| = when -~ s unity.
mo o sin - wt

Hence the equation of current becomes i = Imsin(wt — 17/ 2)
So we find that if applied voltage is rep[resented by v =Vusinwt, then current
flowing in a purely inductive circuit is given by

i =Insin(wt - r7/2)
Here current lags voltage by an angle /2 Radian. A

Power factor = CosS ¢
= cos 90°
=0

Power Consumed = VI cos ¢ 4\,':’
=VI - 0
=0

Hence, the power consumed by a purely Inductive circuit is zero.

A.C. Through Pure Capacitance : -

i=1I_sin(wt—x!2)
V= Vmsin wt

C

—~ NS
=) —mi—y T

v = Vmsin wt

Let a capacitance of ‘C” farad is connected across the A.C. supply of applied

voltage
V= VinSinWt— — —— - (1)

Let ‘g’ =change on plates when p.d. between two plates of capacitor is ‘v’
g=cv

g = CcVm Sin Wt



dg d
__=¢c_(V sinw)

dt a ™
I =cVmsSinwt
= wcVm COS Wt

[Qx =1L

Xc ¢ wc
in ohm.]
= ImCOS Wt
= Insin(wt + 11/ 2)

IS known as capacitive reactance

Here current leads the supply voltage by an angle /2 radian.

Power factor =Cos ¢
=c0s90° =0

Power Consumed = VI cos¢
=VI- 0 =0

The power consumed by a pure capacitive circuit is zero.

A.C. Through R-L Series Circuit : =

N (U0
—Wy

* Vr 2

e=F_=n wt

The resistance of R-ohm and inductance of L-henry are connected in series

across the A.C. supply of applied voltage

e=Emsinwt ————————————

V =Vr+jWL - Xy

= Y2+V23¢h=tan'
R L _R
IRY2+(1X )23¢h =tan!
R
X L

L
= 2+ X 2 =tan-t
L —
X R

V=1z3¢p=tant 't

R

L

~

Vr=1IR

Vi=IXL



Where zZ =\ R+ X?
=R +jX. Is known as impedance of R-L series Circuit.

= vV _Emsinwt
73 23
| = Imsin(wt — @)

Here current lags the supply voltage by an angle ¢.
Power Factor :-= It is the cosine of the angle between the voltage and current.
OR
It is the ratio of active power to apparent power.
OR
It is the ratio of resistance to inpedence .
Power ;==
=V.i
= Vinsin wt.Im sin(wt — @)

=Vmlm sin \N[SIn(VV[ —d))
_1
="V 25inwtsin(wt - ¢b)

1
= V1 [cosp - cos 2wt - ¢)]
Obviously the power consists of two parts.

(i) aconstant part ~ VI cosgp which contributes to real power.
'2'mm
(i)  apulsating component Ly cos(2wt — ¢b) which has a frequency twice
'2'mm

that of the voltage and current. It does not contribute to actual power since its

average value over a complete cycle is zero.
Hence average power consumed

= VI cosgh
Where V & | represents the r.m.s value.
A.C. Through R-C Series Circuit : ==
The resistance of ‘R’-ohm and capacitance of ‘C’ farad is connected across the
A.C. supply of applied voltage



e = Emsin wt S ——— (1)

R
WA

; Vi 3k Ve

-~

r

(=)
Ay
V=Vet (- jVc)
= IR+ (=jIXc)
=1 (R - jXc)

V=1Z

Where Z=R - jXc= ,/Rz + X2 is known as impedance of R-C series Circuit.
Z=R-jXc
= [RF+X
_ -1 XC ¢
3-¢ =tan

_ Emsin wt
3-¢
= Ersingwt + )
Z3
+ 1= Ipsin(wt + )
Here current leads the supply voltage by an angle ‘¢’.

A.C. Through R-L-C Series Circuit : -
Let a resistance of ‘R’-ohm inductance of ‘L’ henry and a capacitance of ‘C’

farad are connected across the A.C. supply in series of applied voltage

L
T
' b
— Vi——Vi—¥§—Vc ——
(=)
-

e=EmsinWt————————— . (1)



—

e=Vr+VL+Vc

=Vr+ jVL - jVc

=Vrtj(VL-Vc)

=g+ J(IXL - IXc)

S IR+ (XL - Xc)] X - X

=1 , 3r=tan? Loc
\/R2+(XL—XC) —

=123+ ¢
Where Z=I1JrR>+(x: X ¥ isknown as the impedance of R-L-C Series
Circuit.

If X > Xc, then the angle is +ve.
If X L < Xc, then the angle is -ve.

Impedance is defined as the phasor sum of resistance and net reactance
e=1Z3+¢

23+ - Emsin wt
3¢ Z3t ¢

(1) If x> Xc, then P.fwill be lagging.

(@) If XL<{Xc, then, P.fwill be leading.

(3)  If XiL=Xc, then, the circuit will be resistive one. The p.f. becomes unity
and the resonance occurs.

= I Sin(Wti (p)

REASONANCE
It is defined as the resonance in electrical circuit having passive or active
elements represents a particular state when the current and the voltage in the
circuit is maximum and minimum with respect to the magnitude of excitation at
a particular frequency and the impedances being either minimum or maximum
at unity power factor
Resonance are classified into two types.
(1)  Series Resonance
(2)  Parallel Resonance
(1) Series Resonance :-  Letaresistance of ‘R’ ohm, inductance of ‘L’
henry and capacitance of ‘C’ farad are connected in series across A.C. supply



P—

p—y

e=E_sn wi
e = Emsin wt

The impedance of the circuit
Z=R+j(XL=Xc)]
Z=JR+(XcX V¥

The condition of series resonance:

The resonance will occur when the reactive part of the line current is zero
The p.f. becomes unity.

The net reactance will be zero.

The current becomes maximum.

At resonance net reactance is zero

XL-Xc=0
+XL=Xc
1
+WOL -
WoC
+WelLC=1
+W2= 1
° LC
1
+Wo= ——
° JiIC
1
+2nfo: R
JLC
e 1
" 2mfiC
Resonant frequency (f)= 1 _[T—
° 21 \LC
Impedance at Resonance
Zo=R
Current at 5esonance
| =
° R
Power factor at resonance
p_f_:_R:B: I:QZO:R:I

Z, R



Resonance Curve :-

Unity pf(up.f) I

Lagging
P.f

fo

At low frequency the Xc is greater and the circuit behaves leading and
at high frequency the X. becomes high and the circuit behaves
lagging circuit.

If the resistance will be low the curve will be stiff (peak).

+ I the resistance will go oh increasing the current goes on decreasing and
the curve become flat.

Band Width : -
At point ‘A’ the power loss is Io °R.

The frequency is fo which is at resonaqgg.
At point ‘B’ the power loss is 42_

The power loss is 50% of the power loss at point
A

6A73/ I[]

Hence the frequencies
corresponding to point ‘B’ is known as half power frequencies fi & fa.
fi = Lower half Ilcz)ower frequency
fi=fo— __
4riL
F2 = Upper half Bower frequency
fo=fot __
4riL
Band width (B.W.) is defined as the difference between upper half power

frequency ad lower half power frequency.

BW.=f-f-

21 oL



Selectivity : -
Selectivity is defined as the ratio of Band width to resonant frequency

Selectivity = BW._ R_ Selectivity =

Quality Factor (Q-factor) ;==
Itis defined as the ratio of 21 - Maximum energy stored to energy dissipated
per cycle 1
2M - _L| 2
2 0
| °RT
L (21)°
TOART
_nL.21?
| °RT
_nL.21?
TRT
2L

RT

Q-factor =

217,
R

Quality factor == :él' _f

Quality factor is defined as the reciprocal of power factor.

Q factor== _1

cos @

It is the reciprocal of selectivity.
Q-factor Or Magnification factor

_ Voltage across Inductor.

Voltage across resistor
_lo XL

bR
XL
R
_ 2oL _WoL

R R

Q- factor == V&

R

Q-factor factor _ Voltage across Capacotor.
Voltage across resistor
— lo Xc

bR




R
-1 _ 1
2nfoC  21foCR
1
-factor =
Q =
QZZWOL 1
R  WCR
Q-1
R2
|1
© R2C
Q:1 L
RYC

Graphical Method :

(1) Resistance is independent of frequency It represents a straight line.
(2) Inductive Reactance X = 2nfL

It is directly proportional to frequency. As the frequency increases , Xt

% creases

iy )
Capacitive Reactance Xc = =

2rfC

f ———

It is inversely proportional to frequency. As the frequency increases, Xc
decreases.

When frequency increases, Xv increases and Xc decreases from the
higher value .
) ] Yy 1.
T!\.r‘_ P ‘ 7 ._*-.La-a.
. \ - — N
. _ )(\_—u- L

e




fo

NS

-Xc
At a certain frequency. X. = Xc
That particular frequency is known as Resonant frequency.
Variation of circuit parameter in series resonance:

(2) Parallel Resonance :- Resonance will occur when the reactive part of the
line current is zero.

oy
|

At resonance,
lc—lsind=0
lc=ILsi

v P

L
i 2XL 2 ILsmd)\K
Xc R + X, I




z2=t
2CL
+RZ+X T
2 L
+R2+(2nf L) = —
C
+R2+4m2f°L7=
OL C
+4n2f°L%="_R°
0
+f2= 1¢ = I‘—RZ

0 4n%HL*  C
1|1 R
on\ic T
fo= Resonant frequency in parallel circuit.
Current at Resonance = | (cos¢
% R
VR + X2 R+ ;2
_ W
_VR
72
VR _ v
L/C L/RC
= vV
Dynamic Impedence
L/RC ==+ Dynamic Impedance of the circuit.
or, dynamic impedances is defined as the impedance at resonance frequency in
parallel circuit.

Parallel Circuit ;=

+fo:

The parallel resonance condition:



When the reactive part of the line current is zero.
The net reactance is zero.

The line current will be minimum.

The power factor will be unity

Impedance Z;=Ri+ jX

ZzZRi— Xc
Admittance Y=~ =
Z1 RitjX L
(RatjX1)
(RitjX )R- jX1)
:R1‘|’jX|_
L
Y::L Rl J XL
1 REFXZ2- REFX*+
1 L 1 L
Admittance Y= ! - 1
277, RTFIXC
_ (R2+]jXc)
(R21-jXc)(R2+  jXc)
_ R+ XL
2 C X
y=_ " 4 e
2 BZ+)(C2 H2‘+x;
Total Admittance Admittance  + _ 1+1
1 2
LY =Y+ _
VR XU v R2 4]
Y gaexe gerxe RUX 1 geiys
1 L 1 L 2 ¢ 2
R R2 X
Y
1 L 2 C 1 L 2
At Resonance,
X X -0
R 2+X 2 R2+X 2
+1 X.L ? C

2 2

Rr—X— " Rr—+X%c
+%,7{LRZsz+ZC> =X gRj+X12L> <R2+ A%z 2

L)

2 4mrf*e*: 2mfC !

t_L_ _RI omf2
+ 2rfLR 2 2 = TF ==
2 2MCT e G



2
v _L, Ri=_2M° 5pR2

2mfc 2pfC € - Lo
- _R2 =2mfL  -R?
5H 1 — 2
£ ¢ c
-R? 2
s4n2fac=C LR
"RZ L -CR?
CcC 2 2
1 “L-CR?
+4n%f?= !
LC L-CR’
1 L-CR?
+ f2= !
411€ L,CR

1 —
+ f= 1
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Comparison of Series and Parallel Resonant Circuit ;=

Item Series ckt (R-L-C) | Parallel ckt (R-L and
C)
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«» Current at Resonance
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Here Y: - Admittance of the circuit
Admittance is defined as the reciprocal of impedence.
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The resultant current “I” is the vector sum of the branch currents l1 & |2
can be found by using parallelogram low of vectors or resolving Iz into their X



—and Y- components ( or active and reactive components respectively) and then
by combining these components.

Sum of active components of lx and 12 = 11 cos ¢1+ 12 c0oS ¢z
Sum of the reactive components of lsand Iz = I2sin ¢2 - 11 sin ¢

EXP-01:
A 60Hz voltage of 230 V effective value is impressed on an inductance of
0.265 H
(i)  Write the time equation for the voltage and the resulting current. Let the
zero axis of the voltage wave be att = 0.
(i)  Show the voltage and current on a phasor diagram.
(ili)  Find the maximum energy stored in the inductance.
Solution :-
Vinax=+2V= 2 - 230V
f=60Hz, w=2nf=21 - 60=2377rad/s.
X1 = wl =377 - 0.265=100

(i) The time equation for voltage is Y-(t): 230 ﬁsian.

I max = Vmax/ X1 = 230\/5/100. =23~ 3
¢ =90° (lag ).

QCurrente quation is.
i(t)=2.32€in(377t- 11/2)

or =2.3v2cos377t

(i) It 1 1

(iii) or E =_LIZm= - 0265 - (23 2)2=14]
max 2 A ‘[2-

Example -02 :

The potential difference measured across a coil is 4.5 v, when it carries a
direct current of 9 A. The same coil when carries an alternating current of 9A at
25 Hz, the potential difference is 24 v. Find the power and the power factor
when it is supplied by 50 v, 50 Hz supply.

Solution :
Let R be the d.c. resistance and L be inductance of the coil.
R=V/I1=45/9=05



With a.c. current of 25Hz, z = V/1.

fz 2.66
[ 9
X=Z2-R?%=1266%- 05
=2.62
X =2f—+—25+L
X =(.0167
At 50Hz

X =262 2=5.24
Z = V.52 +5.242
=5 .p6

|=50/5.26 $9.5A

P=1%R =95 - 0.5 =45watt.
Example—03:

A 50- uf capacitor is connected across a 230-v, 50 — Hz supply. Calculate
(@)  The reactance offered by the capacitor.

(b)  The maximpm current and
(c)  Ther.m.s value of the current drawn by the capacitor.
Solution :
@ x= " ~_- L = 63.6
we 2mfe 2m - 50- 50-10°
(c)  Sincg 230 v represents the r.m.s value
Ql m{=230/x =230/68.6=3.62A

® = - J2-3622=511A
Example —04 :

In a particufar R — L series circuit a voltage of 10v at 50 Hz produces a
current of 700 mA. What are the values of R and L in the circuit ?
Solution :

(i)  zZ=AR*+(2m - 50L)?

V=1

10=700 - 10-3/(R? +98696L2)

J(R2+98696L2) =10/ 700 - 10-3=100/7

R? + 98696L2=10000/ 49-------=---=====------- 0]
(i) Inthe second case z= &> +(21 J75L)

Q10=

500 - 10-3y/R2+222066L%) = 20

JR? +222066L%) = 20



R? +222066L°=400— — — — — — — — — — — — — ——. )
Subtracting Ea.(l) from (ii), we get,
22206612 - 98696L.2 = 400 - (10000 / 49)

+123370L2 = 196

Lp2- 196
123370
L =00398H =40 mH.
T V123370
Substituting this value of L in equation (ii) we get R 2+ 2220662 (0.398)? = 400
+R=6.9
Example —04 :

A 20 resistor is connected in series with an inductor, a capacitor and an
ammeter across a 25 —v, variable frequency supply. When the frequency is
400Hz, the current is at its Max™ value of 0.5 A and the potential difference
across the capacitor is 150v. Calculate
(a) The capacitance of the capacitor.

(b) The resistance and inductance of the inductor.
Solution :
Since current is maximum, the circuit is in resonance.
x=Vc/1=150/0.5= 300
(@)  x=1/2nfe+300=1/2n1 - 400- ¢
+¢=1.325 - 105f=1.325f.
(b)  x=x =150/0.5=300

2 - 400 x L =300

+L =0.49H
(c) Atresonance,

Circuit resistance = 20+R

+V/Z =2510.5

+R =30
Exp.-05

An R-L-C series circuits consists of a resistance of 1000 , an inductance
of 100MH an a capacitance of wu pf or 10PK

(i)  The half power points.

Solution :

E— 1 108

N fo = =__ =159KHz
a0 107 2




1
i) O R{c moo {2 =100
i) 1-fo- F;ﬁ:I159 c10t- 100 58 okHs
T
f=fo— N =159 . 10°% 00 oo
2 477 47 - 101
Exp. -06

Calculate the impedance of the parallel —turned circuit as shown in fig.
14.52 at a frequency of 500 KHz and for band width of operation equal to 20
KHz. The resistance of the coil is 5
Solution :

At resonance, circuit impedance is L/CR. We have been given the value
of R but that of L and C has to be found from the given the value of R but that
of L and C has to be found from the given data.

R
BW= _" 20.10%=

or | = 39uH
2 -1
fo- 2= [L R_=i\/ L ®
on VLc & 2;p\(39CT10°C (39LTI0°Y
C=26-107°
Z=L/CR=39-10°/2.6 -10° -5
=3 - 10

Example: A coil of resistance 20Q and inductance of 200pH is in parallel with a
variable capacitor. This combination is series with a resistor of 8000Q.The
voltage of the supply is 200V at a frequency of 10°Hz.Calculate

1) the value of C to give resonance

i) the Q of the coll

i) the current in each branch of the circuit at resonance

Solution:

-
3 5
o~

X=2nfl=2n*10%*200*10°=1256Q)
The coil is negligible resistance in comparison to reactance.

1
[ =
imy/IC




i

107 = ——
2ov20d ~ O 107

T : —
i) Q=222 = 2 = 10° = 200 = 2—=62.8

iii) dynamic impedance of the circuit Z=L/CR=200*10"%/(125*10
12%420)=80000Q
total Z=80000+8000=88000Q

1=200/88000=2.27mA

p.d across tuned circuit=2.27*10°*80000=181.6VV

. . 181.6
current through inductive branch—ﬁ_w = 144.5m4

current through capacitor branch= wl’C
=181.6%2n*10%%125*1012=142.7mA

POLY-PHASE CIRCUIT
Three-phase circuits consists of three windings i.e. R.Y.B

N —

E=s

ER: EmSin\Nt: Em 30
Ey= Ensin(wt - 120) = En3 - 120
Eg= Emsin(wt — 240) = En3 — 240 = En 3120



3 - ¢ Circuit are divided into two types
+  Star Connection
+  Delta Connection

Star Connection ;==

#
< - -~ Neutral

VN

Y

B

If three similar ends connected at one point, then it is known as star connected
system.

The common point is known as neutral point and the wire taken from the
neutral point is known as Neutral wire.
Phase Voltage : -

It is the potential difference between phase and Neutral.
Line Voltage : —

It is It is the potential difference between two phases.

Relation Between Phase Voltage and Line Voltage : -




VBN - Vi

VN

- - -

Line VolatageVey= Van— Vi Vi

= \/VRN+ Vyn =2V rVN & 0s60°

2
1
:\/Vph-l'Vzph—Zprph [E

2
= \l Ve = \/;VPh
Vi = \/ZVPh

Since in a balanced B —phase circuit Ven= Vyn = Ven=Vp
Relation Between Line current and Phase Current :-
In case of star connection system the leads are connected in series with
each phase
Hence the line current is equal to phase current
||_ = |ph
Power in 3- Phase circuit:-
P=V oh | ph €08 ¢ per phase

=3V oh | ph €0 ¢ for 3 phase
Vv [

=3 L1 cosgp(Qv=3v
3L L ph

P =BVl cosgh
Summaries in star connection:
i) The line voltages are 120" apart from each other.
ii) Line voltages are 30%ahead of their respective phase voltage.
1ii) The angle between line currents and the corresponding line voltage is 30+
Iv) The current in line and phase are same.

Delta Connection :-



S

If the dissimilar ends of the closed mesh then it is called a Delta

Connected system
Relation Between Line Current and Phase Current :-

- -

Line Currentinwire—1= 'R-iY

- -

Line Currentinwire-2="'Y-iB

- -

Line Currentinwire—3="'B-R

||_:|R—|Y

—J|R2+ 1,2~ 20z Iy cos 60 °

~1
_ 2 2 _ —
- leh +1 ph 2l ])'1 pho 2

=J| 2 =3l

I, =+3L;

Relation Between Line Voltage & Phase Voltage : ==
VL= Vpm

Power = = \BV_I Lcosh

Summaries in delta:



|) Line currents are 120} apart from each other.

i) Line currents are 30° behind the respective phase current, _
iif) The angle between the line currents and corresponding line voltages is 30+

easurement of Power : -
(1) By single watt-meter method
(2) By Two-watt meter Method
(3) By Three-watt meter Method
Measurement of power By Two Watt Meter Method :-

Phasor Diagram :-
Let Vr, Vv, Vs are the r.m.s value of 3-¢ voltages and Ir,lv,ls are the r.m.s.
values of the currents respectively.
Current in R-phase which flows through the current coil of watt-meter
Wi = Ir
And W2=Iv

Potential difference across the voltage coil of Wi=Vgs =Vr-Vg

And Wz =Vyg =Vy-Vs
Assuming the load is inductive type watt-meter W: reads.
Wi=Vre Ir COS(30 - d) )
W1 = VI cos(30- d)) —————————————— (l)
Wattmeter W2 reads
W>= Vyg lycos(30 + (;b)
Wz = VI cos(30+ (;b)— ————————————— (2)
W1 +W2=V_ILcos(30 - (;b) +ViIL cos(30+ (;b)
=V I [cos(30 - @) +Vi 1L cos(30 + )]
= V1L (2 cosB0° cosch)

V1@ - \73 cos@)

W1 +W, = \EVLh_ COSd) (3)
W1 - Wo= Vi I [cos(30 - ¢h) - cos(30 + ¢)



=Vl (2sin30°sin @)

1 .
:VLIL(Z * E' Slnd))
Wi- Wy= V|_|LSinCp
Wi- Wa_ V|_||_SinCp
Wi+ W, J§VL|LCOSCp
1

—=1tan
7 ¢
Wi- W,
v 1 2
1 Wi- Wo
J

1 2

Variation in wattmeter reading with respect to p.f:

Pf W: reading W: reading
=0,cos =1 +ve equal +ve equal
=60,cos =0.5 0 +ve
=90,cos =0 -ve, equal +ve equal

Exp. : 01

A balanced star — connected load of (8+56). Per phase is connected to a
balanced 3-phase 100-v supply. Find the cone current power factor, power and
total volt-amperes.

Solution :

Zon= 8+ 67 =10

Vpn=400/ +/3=23/v

| o= Vpn/ Z pn=231/10=23.1A
i) IL = Zpm= 23.1A
i)  P.f.=c0s6 = Rpn/zpn = 8/10 = 0.8 (lag)
jjj)  PowerP= BV I cosO

=§ - 400- 231- 038

=12, 800 watt.

Iv)  Total voltampere s=13 VLI

=N3 - 400- 231

=16, 000 VA.




Exp. -02

Phase voltage and current of a star-connected inductive load is 150V and
25A. Power factor of load as 0.707 (Lag). Assuming that the system is 3-wire
and power is measured using two watt meters, find the readings of watt meters.
Solution :

Vph =150V VL

=N3 - 150 Ipn

= I. = 25A

Total power =13 Vilecos ¢ =13 - 150- N3 - 25 - 0.707 = 7954 watt,
W1+ W2 =7954.00, cos ¢=0.707
¢ =cos? (0.707) = 45°, tan 45° =
Now fof a lagging power factor,

tan =~ 3(W1-W2) /(Wi + W)
1= (W1 - W2)
Vs

7954
- (Wi - W) = 4592w

From (i) and (ii) above, we get
W1 = 6273w W2 = 1681w



TRANSIENTS

Whene\éa{ a network C%Ptalnlng ener%¥ storgagg el%ments_such zr\s inductor or capacitor is
switch Iromone ondition to-another,eit YC an%elnapftr) ed source or change Iin
netwark elements,the response current and vo tg e change from one state to { (?( ther
state.Thetime takento ¢ _nge rom an initial steady state tothe final steady state is known
as the tranfslent penoc{(.T#ls_ esg_ons? IS nowdfl as tragnsient response Or transients. The
responseofthenetworkatteritattainsafinalsteadyvalueisindependentoftimeandis

alledthe steady- stateresponse.Thecompleteresponse of thenetworkis determinedwith
&e%etno og a gﬁ{ferentlafeg P P

uation.
STEADY STATE AND TRANSIENT RESPONSE

In a netwark containing energg stora%e elements, with change in excitation, the currents and
voltages in the circuitchangé from one state to other state. The behaviour of the_voltage
or currentwhen itis change from one state to another is called the transient state. Thetime
takenforthecircuittochangefromonesteadystatetopanothersteadystateis calledthe
transienttime. Theéaﬁpllc tionof KVLand KCL tocircuitscontaini 8energal storage. .
elementsresultsinditferential, ratherthanalgebraicequations. whénweconsidera circuit
containing storage elements which are independent of the sources, the response
depends Upon the nature of the circuit and is'called natural response. Storage elements
delivertheir energy tothe resistances. Hence, the reseponse changes, gets saturated after
sometime,andisreferredto as the transient response. When we consider a source acting
onacircuit, the response depends on the nature of the source or sources. This response IS
called forced reérponse. In other words,the comglete response of a circuit 8_?n5|sts_of two
parts; theforcedresponseandthetransientresponse. Whenweconsideradifterential
equation, the complete solutjon consists of two parts: the complementary function and the
particularsolution. Thecomplementaryfunctiondiesoutaftershortinterval, andisreferred to
asthe transient response or source freé response. The particular solution is the steady state
response, or the forced response. The first step in finding the complete solution of a ¢ircuit is
to form a differential equation for the circuit. Bg ob}alnlng the differential equation,
several methods can be used to find out the complete solution.

DC RESPONSE OF AN R-L CIRCUIT

Consideracircuitconsistingofaresistanceandinductanceasshowninfigure. Theinductor
inthecircuitisinitiallyunchargedandisinserieswiththeresistor.Whentheswitch Sis
closed ,we can find the complete solution for the current. Application of kirchoff's voltage
law to the circuit results in'the following differential equation.

5 R
A Vv

v—* i a;_




Figure 1.1

V=Ri+L
s 110r
Gk w v
at - .
= LTk 1.2
g

In the above equation, the current | is the solution to be found and V is the applied constant
voltage. The voltage V is applied to the circuit only when the switch S is closed. The above equation

ieS ag?gar differential equation of first order.comparing it with a non- homogenious differential
quation

ot

i
whose solution is
X = 8P L HE™F Gt 4Gt 1.4

Where c is an arbitrary constant. In a similar way , we can write the current equation as

- R .
. -i=e —i=]z ¥ o=
i=ce ‘& +g ng\L' dt
. & w
Hence ,1=C ¢ *i +&~ .................................. 1.5
|

To determine the value of cin equation c , we use the initial conditions .In the circuit shownin
Fig.1.1, theswitchsisclosed att=0.att=0-,i.e. justbeforeclosingtheswitchs, thecurrentinthe
inductoris zero. Since the inductor does notallow sudden changesin currents, att=o+ justafter
the switch is closed, the current remains zero.

Thusatt=0,i=0
Substituting the above conditioninequationc, we have
O=c+

Substituting the value of c in equation ¢ , we get

p AL

— - — E El
n i

He r
i=I, (1-¢1¢ ) (where i, = =1

i=I; (1- g7 ) (where r= Timeconstant =



a1

0 1 2 3 4 &5 & 1C
Figure 1.2

Equationdconsistsoftwoparts, thesteadystatepart ifz =V/R) and the transient part [, &t

WhenswitchSisclosed, theresponsereachesasteady state value after a timeinterval as
shown in figure 1.2.

Here the transition period is defined as the time taken for the current to reach its final
or stedy state value from its initial value.In the transient part of the solution, the
quantity L/Ris important in describing the curve since L/R is the time period required

forthecurrenttoreachitsinitialvalueofzerotothefinalvalue {, =V/R. The time
=Rz

constant of a function i, & T isthetimeatwhichtheexponentofeisunity, wheree
is the base of the natural logarithms.The term L/R is called the time constant and is
denoted by T .

L
So, T=— sec
]

i

Hence, the transient part of the solution is

At one Time constant , the transient term reaches 36.8 percent of its initial value.

£ —

Ye7 = -1 =-0.368%
.'?E ze 03685

i(t) = -
Similarly,

i(21) = E -2 =-0.135%

1
£

[}

1

i3 =Le? = .0.04987

i(51) = -0.0067%

.
— ek
FF? n

After 5 TC the transient part reaches more than 99 percent of its final value.



Infigure Awe can find out the voltages and powers across each element by using the current.

Voltage across the resistor is

2
L

r.=Ri=R :4-? (1- 1)

|—1

[

Hence, vz =V (1- &

)

Similarly, the voltage across the inductance is

e
ko

vo= L2
L=lz=L

™

g

B

The responses are shown in Figure 1.3.

Figure 1.3

Power in the resistor is

) f1l— &%

-3

By =Up j = V(1-'=‘--"' }x—_‘

ve il zafi
=?(1-'.’.€.: )+ €L

Power in the inductor is

The responses are shown in figure 1.4 .



Figure 1.4
Problem : 1.1
N\
60V = i - g‘
Figure 1.5

Aseries R-L circuit with R = 30Q and L = 15H has a constant voltage V =50V applied at t=0as
shownin Fig. 1.5. determine the current i, the voltage across resistor and across inductor.

Solution :

Byapplying Kirchoff’svoltage Law, weget

152 +30i =60

=> = 42i=4

Thegeneralsolutionfor alineardifferentialequationis
j=ce” P+ o7 [ KeFidt

where P=2,K=4

putting the values

j=ce™ 2t + e~ [ 4eftdt

== j=Ce " +2



At t=0, the switch s is closed.

Since theinductor never allows sudden change in currents. At t=07 the currentinthecircuitis
zero. Therefore at t=07, i =0

==0=c+2

=>C=-2

Substitutingthevalueofcinthecurrentequation, wehave
i=2(1-e ) A

voltage acrossresistor (Vz) =iR =2(1- e=2%) x 30=60(1- &~29)v

voltage acrossinductor (Vz) = '::= 15 * §2(1- e~I) = 30 % 287" y=£0e™

DC RESPONSE OF AN R-C CIRCUIT

Consider a circuit consisting of a resistance and capacitance as shown in figure.The capacitor in the
circut is initially unchargedand is in series with the resistor.When the switch S is closed at t=0 , we
can find the completesolution for the current. Application of kirchoff’s voltage law to the circuit
results in the following differential equation.

. £
o ' M

v
— - C
i()
Figure 1.6
V=Ri+
1.
SJEAE 17
By differentiating the above equation, we get
o] i
R T i T
...... 1.8
Or
al 1 .
— 4+ =020



Equationcisalineardifferentialequationwithonlythecomplementaryfunction. Theparticular
so‘ﬂutlonfortsﬁeaboveequatlon |gzero. ThesolM%lonfortlﬁ)lstypeof&)lgferentlalequ tion Is

£ b
|;[

I ol - YT U 1.10

To determine the value of ¢ in equation c , we use the initial conditions .In the circuit shown in
Fig. the switchsisclosed att=0. Sincethe capacitordoesnot allowsudden changes involtage, it
will act as a short circuit at t=0+ just after the switch is closed.

So the current in the circuit at t = 0+ 1%
Thus at t =0, the current i =
L

Substituting the above condition in equation c , we have

Figure 1.7

When switchSis closed , the response decays as shown in figurre.
The term RC is called the time constant and is denoted by t .
So, T =RC sec
After 5 TC the curve reaches 99 percent of its final value.
Infigure Awe canfind out the voltage across each element by using the current equation.

Voltage across the resistor is



ve =R i = R»-:‘-; eFE

el

Hence, vz=V &%

Similarly, voltage across the capacitor is

Ve = l 1fdf
c-’

[=&5T dr

_ 1
- L

p—

- (X RCERT )

=-Vgif +C

Att=0,voltageacrosscapacitoris zero
So,c=V

And
Vo=V {1l — &fc)

The responses are shown in Figure1.8.

[ e

¢

Or

[ a——

Figure 1.8

Power in the resistor is

Powerinthe capacitoris

Fo=tci=V (1- sig) " ofic

T.C



— =I
— —

S (eRC-gRC)
R

The responses are shown in figure 1.9.

P

V2
R

Figure 1.9

Problem : 1.2

Aseries R-C circuit withR=10Q and C =0.1F has a constant voltage V =20V applied at t=0as
shown in Fig. determine the current i, the voltage across resistor and across capacitor.

g =10
AL AN
ovVE o =0.1F
L— .
Figure 1.10

Solution :
Byapplying Kirchoff’svoltage Law, weget
101 + — [1dt=20
1

Differentiatingw.r.t. t weget

df 1
10 E+E= 0
=>4 =0

et

The solution for above equation is



i=ce™"
At t=0, the switch s is closed.

Sincethecapacitorneverallowssuddenchange involtages. Att=0" the current in the circuit is
i=V/R=20/10=2 A

. Thereforeatt=0,i=2A

== the current equation is i=2e~*

voltage acrossresistor (Vz) =iR =2 e *x 10=20 e~ =v

voltage across capacitor (V) = Vil — &)= 20(1- &™) V

DC RESPONSE OF AN R-L-C CIRCUIT

Consider a circuit consisting of a resistance, inductance and capacitance as showninfigure.The
capacitorandinductor in thecircuit is initially unchargedandareinserieswith the resistor.WWhen the
switch Sisclosed att=0, wecanfindthecompletesolutionforthecurrent. Applicationof
kirchoff’s voltage law to the circuit results in the following differential equation.

. QR

Yl L
i —
Figure 1.11
V = Ri+ £ +
1, 0 &
SUEBL 1.12 By

differentiating the above equation, we get
O: RE +Ld:fFrd$: + L[' =
Or

o O o DO 1.14
Loy 4o



The above equation c is a second order linear differential equation with onl?/ the comp_lem]gntar_y
e gartlcular solu S

function. Th tion for the above equation is zero. The characteristics equation for this
type of differential equation is
D40 D41 =0 1.15
L Ll
Therootsofequation1.15are
0By - _
F A 1
51 + :E:?J e e —
ik WNLIg L, By _ 1
By assuming K1 = and Kz= . (—,I -
y=H— K by = K-
1 1 z and & Ky— "E

Here Kz may be positive,negative or zero .

. 5l 1
Casel : iz éxFuzilive [%j >

Then, the roots are Real and Unequal and give an over damped Response as shown in figure
1.12.

The solution for the above equation is: i= C; &¥« iy C, gl

A

Figure 1.12

Case |l : K;is Negative [E“J' o =

2L Lo

Then, theroots are Complex Conjugate, and give an under-damped Response as shown in
figure 1.13.

[ .




Figure 1.13

The solution for the above equation is : i= ¢™{; cozK t +C; sin Ky tx

Then , the roots are Equal and give an Critically-damped Response as shown in figure 1.14.

:'_f

Figure 1.14

The solution for the above equation is: i= e {C, -+ C;t)

Problem: 1.3

Aseries R-L-C circuit withR=20Q, L =0.05H and C = 20 pF has a constant voltage V=100V
applied at t=0 as shown in Fig. determine the transient currenti.

100V

Figure 1.15

Solution :
Byapplying Kirchoff’svoltage Law, weget

100=30i .05 =+ —— [1dt

20 16 "
Differentiating w.r.t. t we get

0.0542 fdet T20E+ __L_1=0

dr 2@xi1g-e



== lﬁ;:f"rﬁ:?: +4OOE + l':[e-'l =0
’ &

=" :D' +4OOD+LG'}] =0

Theroots of equation are

ag)

by, Dy = -chi ‘[T T —-10®

=-200+ 4200)= — 105
Iy = -200+j979.8

0; = -200-j979.8

Therefore the current

i =% cogK; ¢+ C ook, 1]

i =™ 0%[C cos97.60 + Craln 979.688] A

At t=0, the switch s is closed.

Since theinductor never allows sudden change incurrents. At t=07 thecurrentin thecircuitis
zero. Therefore at t=07, i =0

== j=0=(1) [C, coe 0+ C; 2in 0]
=>{=0andi=¢"5[C, 2in 97988 ] A
Differentiating w.r.t. t we get

ﬂ.i

s = [e 9708 cop9T 0B ¢ + o200 — 200 8ln 979.8¢ ]

At t=0, thevoltage across theinductoris 100V
=2 I-—=100 or =2000

At t=0, = = 2000278 cosll

. 2000
=>10; = se; =2.04

The current equation is



=™ 20052 0dain 979.81) 4

ANALYSIS OF CIRCUITS USING LAPLACE TRANSFORM
TECHNIQUE

The Laplace transform is a powerful Analytical Technique that is widely used to study the
behaviorof Linear,Lumpedparametercircuits. Laplace Transformconvertsatimedomain
function f(t) to a frequency domain function F(s) and also Inverse Laplace transformation
converts the frequency domain function F(s) back to a time domain function f(t).

e

IR T00 ) T O I 0 e L OO LT 1

el O R U0 Rty A 1 e LT2

W

DC RESPONSE OF AN R-L CIRCUIT (LT Method)

Let us determine the solution i of the first order differential equation given by equation A which
is for the DC response of a R-L Circuit under the zero initial condition i.e. current is zero, i=0 at
t=0"and hence i=0 at t=07 in the circuit in figure A by the property of Inductance not allowing
the current to change as switch is closed at t=0.

K R
YAV
vt f ) a L
Figure LT 1.1
VERIFLE it LT1.1

Taking the Laplace Transform of bothe sides we get,

F=RIS)+LLSIS) -10) T, LT1.2
5
=n=»§ =RI(s) +L[sI(s)] (1(0) =0: zero initial current )

= =1(s)[R +Ls]

B[O Rrrer S LT13



Taking the Laplace Inverse Transform of both sides we get,

EL.R‘--.‘.E]}

=z IH|(s)} = #8) = E7Y

L
i b

i(t)= L3
putting « = /L we get

+ ( Dividing the numerator and denominator by L )

T SR |

FAE - TLE i .1
Tor G Eed

i(t) = L7

1
(SHRIED

i(t)= L% : (%— }f;} (again putting back the value of)

. w1 1 . W il i V.,
i)=Y G- mand=z(1- T )=L (1- ¢T) (where I;=2)

=i T

i(t)=I5(1- e 7) (where T=Timeconstant= ;) ................................................... LT1.4

It can be observed that solution fori(t) asobtained by Laplace Transform technique is same as
that obtained by standard differential method .

DC RESPONSE OF AN R-C CIRCUIT(L.T.Method)

Similarly ,

Letus determinethe solutioniof the first order differential equation givenby equation Awhich
is for the DC response of a R-C Circuit under the zero initial condition i.e. voltage across
capacitor is zero, 1. =0at t=0"and hence 1. =0 at t=07in the circuit in figure Aby the property

of capacitance not allowing the voltage across it to change as switch is closed at t=0.
AN K
o AL

i{D)

s

Figure LT 1.2

=RI(s) += [ —] (1(0) =0: zero initial charge)

'
v

=IS)R+=1=1(6)[ ==



€ . VE
e ko -

=>l(s) = = [ ALT1.7

Takingthe Laplace Inverse Transform of bothsides we get,

== E4|(s)} = #e) = L"i,:g.,_i;':,._;_}
¥e
i(t) = £7H F_‘?‘E} ( Dividing the numerator and denominator by RC)

putting we get
LA

rtl| . |

i(0) = ) =,

i(t) =; G'EE( putting back the value of}

i(t) =L (Where. Lo m B LT1.8

i(t)= ', E_T:) (where t=Timeconstant= RC)

It can be observed that solution for i(t) as obtained by Laplace Transform techniquein q is
same as that obtained by standard differential method in d.

DC RESPONSE OF AN R-L-C CIRCUIT ( L.T. Method)

-~ s

Figure LT 1.3
Similarly ,

Let usdetermine the solutioniof the first order differential equation givenby equation Awhich
is for the DC response of aR-L-C Circuit under the zero initial condition i.e. the switchsis closed
att=0.att=0-,i.e. justbefore closingtheswitchs, thecurrentintheinductor iszero. Sincethe
inductor does not allow sudden changes in currents, at t=o+ just after the switchis closed, the
currentremainszero. alsothe voltageacrosscapacitoriszeroi.e. 1. =0 at t=0"and hence I =0
att=07 inthecircuitinfigure bythepropertyofcapacitancenotallowingthevoltageacrossit

V- to suddenly change as switch is closed at t=0.

V=Ri+L£..+..1,.'.-. Tttt e LT1.9
ge o of

Takingthe Laplace Transformofbothsidesweget,



= =RI(s) ++ L[51(5) 10) 1+ 7 [ 22+ (0) Lo LT 1.10

F

==Z _R| (s) + L[=1=1] +% [ :"TF] (160} = Q:zero initial current & (0) =0: zero initial
charge)

i Lo +Rrstl
7 =I)R +|--'f"‘ =) =

.
=T

. Es ve
=216) = 3 [ermaciy ~Geseacany -LT1.11

Taking the Laplace Inverse Transform of both sides we get,

- Ve
= LHI(s)} = ) = L7 (LCsSRRCET1] }

i(t)y= L *{ -I-—‘{:?} ( Dividing the numerator and denominator by LC )

I-\." |_'|-

i(t) = L7 [# H__ﬂ_ﬁﬁ]i

. ] = ' 'l
putting = = % e o o= {E weget
I
() = X o
Thedenominatorpolynomialbecomes = [#* -I-2 &5 - w?]

=Imay ame -t — a
where, % .5z =+ ==Kty xt-wi-—xxf
e i Ea
where, =% 5 ;= = and g= 4ET—¢?

By partial Fraction expansion , of I(s) ,

I(s) =75

Taking the Inverse Laplace Transform



i(t) =4, &F+ HpetF

Where 4; and A: are constants to bedetermined and 5, and s, aren therootsof the
equation.

Now depending upon the values of s; and s; , wehavethreecasesoftheresponse.

CASE | : When the roots are Real and Unequal, it gives an over-damped response.

- g P
% - le or ¥ **nthiscase, the solution is given by
i(t) =™ 8y eFt Bpem ) s LT 1.12
or i(t)y=4; g2t+ Age®™  fort= 0

CASE Il : When the roots are Real and Equal, it gives an Critically-damped response.

i = {E or = =4 ;Inthiscase, thesolutionisgivenby
or
i(t)= 67" (A1 +821 ) fort= O LT 1.13

CASE 11l : When the roots are Complex Conjugate, it gives an under-damped response.

<= or = «w ;Inthiscase, thesolutionisgivenby
i(t) =&y g+ AgetF fort. 0
=2m ey an gt

= =0 fy = P

Let veF—w® ==I4WF - =j ws where j= v=land wz= 0" —x*

Hence, i(t) == F (&, glwdt L A, E-—ffwa.:-)

o [ . [aldl ag=Jugr . o [gdedf = g=lidgr
i(0) =eF [ + ) R gy - gy ]

i(t) =~ [{& + A )coswgt +104 — &) slnewgt ]

i(t) =~ *5(By cozmgt +Ba HN @) .o LT 1.14
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TWO PORT NETWORKS

Gen raII , any network m é/be re resented chematically b arectan uIarbox Anetwork may be
ore resentrn eithér Sourceor L orforavarlet garroftermrnalsat
asignal may enter or eaveanetw%r |scae a g e|ne 3%/ air of terminals

tow |c nergyrswithdrawn,orwheret enetvvorkv 1al lesm emeasure esuch

network having only one pair of terminals (1- 1’)is shown frgure 1.1.

1 .
Network
» | ,
Il IZ
+o——2= 1 4 bo—Liz

P;hﬂtmy‘ %2 port

—o—— 1 egq” bet—v

Figure 1.1

A two- ortnetg\iorkls&m Iyaneﬁ\fvorkanetworkmsrdeablati#(box andér}e orkhasonléltwo
airsof cceﬁs e de rrb usua e/ neonelgl)a]lrsregresentst einputandt errepresentst
utput. in Ioc isverycommoninelectronicsystems, ommunrcatronsy tem,
transmlssmnandd|str|but|onsystem fig 1.1shows atwo- portnetwork, ortwotermlnalpalr
network, |nwh|chthefourterm|nalshave eenpalredlntoportsl 1’and2- 2’.Theterminals1- 1’

to etherconsh]e Slmllar t eterminals2- 2’ constrhuteanothe,\})ort Twoportsc ntainin
n rcesint ertran Enesan
trans ormers o ort

esarec le asswe OI’IS amo emar SMISsion
all’]ll’]gP 8 Hgs are C&ﬁ%g aCtIV Ol’tS

UI‘QF err ranc oP age(?n
rrentas[$|gan toeac etwoports, Thevo ta&eanc{,cugentgt ein nalsa n
\3/ ere ree tering into the netwo Eﬁ an WOQ ese )
th iable, t ot er two are inde entvarrah e. The numberof F ecom |nat|ons
e erate ourvarra le, taken two attime, Is SIX. Thus, there aresrxpo besetsofequatrons

escribing a two port network.

OPEN CIRCUIE IMPEDANCE (7) PARAMETERS

A general linear two- port network is shown below in figure 1.2.

rameters of a two- port network for the positive direction of volta C ent
F IE’iaby expressing the port voq}age f, p|n terms oFf the current Bq’ ere n%kfe
are twodépendentvariablesand are two independent variabl es



Iy I

+e—> oo bel < 34
Input Vv y COutput
port ! 2 port

Figure 1.2

The voltage atport1- 1’isthe response produced by the two currents I and Iz,
thus

Vo=l T aaadn e 1.1
Vo = Zondy t Zanke 1.2

2, 2,;, &, and Z;; arethenetworkfunctions, andarecalledimpedance(Z) parameters, andare
defined by equations 1.1 and 1.2 .

These parameters also can be represented by Matrices.
We may write the matrix equation [V] = [Z][l]

T

¥
where Visthecolumnmatrix=[ L’i ]

. o rd11 21z
Zisasquare matrix= [z~ =]
H

i
inthecolumnmatrix= = ‘_:1; ]
& 21y Zyg, k
Thus, [11= 1z, z.0[£]

Theindividual Z parameters for agiven network can be defined ‘py setting each of the port currents
equal to zero. suppose port 2- 2’ is left open circuited, theiz =0.

and wemay write

Thus €11 =
where

aﬁiﬂgrw.zﬂ%lriﬂng point impedance at port 1 — 1'with port 2 -
2'openi circuited. [t Iz called the open clrcult Input Impedance,

L1
wherei

Zoq 1z thetransfer impedanceat portl — 1 withport 2 —
2'open circulted. [t iz called the open clreult forward transfer Impedance

}[:=':[



Suppose port1- 1’isleftopencircuited, then I =0,
Thus, Z1z=%]} =g

i
where

<17 lethe tranzfer lmpedanceatport 2 — 2° withport 1 -
dirnjartygircuited. It 1z called the open clrcuit reverse transfer impedance

Ea=5lp =0
where

Zo; 1z the open clronitdriving point impedance at port 2 — 2'withport 1 —

e RTEaS LA S RN RS skt 1 120012 c.open

— ,1 - ’2 L)
1 - 2"‘
T 211 Zyz T
V1 Vz
l Zzly Zar hy l f
1 b o
Eiwx 103
Figure 1.3

If the network under study is reciprocal or bilateral, then in accordance with the reciprocity principle

Ep=0- Ep=0
4 =5

or

Z:'l= 31:

Itis observed that all the parameters have the dimensions of impedance. Moreover, individual
parameters are specified onlywhen the currentin one of the ports is zero. This correspondsto one of
the ports being open circuited from which the Z parameters also derive the name open circuit
impedance parameters.

Problem 1.1



Find the Z parameters for the circuit shown in Figure 1.4

-
B

TR w e e,
'\':C*:-a-;.y,:

MR I R

Solution The circuit in the problem is a T network. From Eqgs 16.1 and 16.2 we have

1.'}1 = 21'1 1'1 -+ EI:I: and 1'-": = 2:111 'f'E::[:

When port b- b’ is open circuited,
!
Wherel, =I,{z, +z;)

o Zyg =2+ Ze;r)

“n=lilp=g
Where* I-"g = fi 2;;, i zg-]_ = 2.’;,
Whenporta- a’isopen circuited, =0
S =W

- L =0
wl L

where ¥ = Li{Z;+ ;)

Zoy = (2, + 2.;)
Z=hp =g
Vo =LZ; and &1z = 2y

where
Z,,,S0 the network is a bilateral network which satisfies the

It can be observed thatz, , =
principle of reciprocity. =~

SHORT-CIRCUIT ADMITTANCE (Y) PARAMETERS




—= Iy - '2
1 & +
Linaser
Vi network V2
1'. - — r
Figure 1.5

A general two- port network which is considered in Section 16.2 is shown in Fig 16.5The Y

arametersofatwo- portforthepositivedirectionsofvoltagesandcurrentsm definedb
gxpressmg t%e port cBrrents I?‘l gnc? 'I: interms oft%e volta esq'?and Va. Here%%/,q% are depe%dent

variables and ¥iand 1 are independent variables. /1 may be considered to be the superposition of
twocomponents, onecausedby ¥ and the other by V.
Thus,

o= TVt TV 1.3

Similarly, Iz = ¥Vt T ooV 14

¥11, Y120 ¥21 and Yizare the network network functions and are also called the admittance

(Y) parameters. They are defined by Eqs 16.3and 16.4. These parameters can be represented by
matrices as follows

[N=[Y1[V]

[ 11 i1z ¥
where I=[{. [; Y=[~1-3: F ] andV=[y]
Thus ,
I, LIV SO
(L1505, 1l lv.]
The ind;vidual Y parametersfor a given network can be defined by setting each port voltage to zero. If
welet ¥z be zero by short circuiting port 2- 2’ then

- Ll ..
11 = El ¥o=0

T4y jsthedrivin Lf)oilgjtadmittanceatport1- 1, withport2- 2’shortcircuited.ltis also called the
short circuit |n|g t admittance.

. ..
11-~1 = _IIT ¥:=0

T2 isthe transfer admittance at port1- 1’,with ort 2- 2’ shortcircuited.ltis also called the short
circuitedforwardtransfer admittance. Ifwelet Y1 be zero by short circuiting port1- 1°,then



" Il ..
‘1-1: = 'l.‘;lli =0

1 is the transfer admittance at port 2- 2’, with port 1- 1’ short circuited. It is also called the short
circuited reverse transfer admittance.

)
T = ﬁ| ¥1=0

122 js the short circuit driving point admittance at port 2- 2, with port 1- 1’ short circuited. It is also
called the short circuited output admittance.The equivalent circuit of the network governed by
equation 1.3 & 1.4 is shown in figure 1.6.

— Iy - I

1 T 3
{« a[Jwnds Drnl]e s

= . 2
Figure 1.6

N

If the network under study is reciprocal or bilateral, then in accordance with the reciprocity principle

ff’1=q —_ii":=ﬂ

e

or

¥ig ¥
Itis observed that all the parameters have the dimensions of admittance. Moreover, individual
parameters are specified onlywhenthe v_olta%e inone of the portsis zero. This corresponds to one of
the ports being short circuited from which the Y parameters also derive the name short circuit
admittance parameters.

Problem 1.2 Find the Y- parameters for the network shown in Fig.1.7

a AVAVAY AN b
T e L 50 T

V«; 20} 40 Vg



Figl.7
Solution :

P 2l
11 =5 ¥2=0

When b- 7' is short circuited, V2= 0 and the network looks as shown in Fig. 1.8(a)

a AYAVAY NN ) b
T h 19 "2
T 20
Vi — Ly 20 Vo=
a i o b’
Fig.1.8(a)
v, =hZeq
Eeq = 2_(1
SO, 1&-11 = 11 2
Ty = 5|2 =0 =221

r = ]: . =l
11"‘1 = Vs 0

& 1

2

. Iy
When b-~ is short circuited, RN PP h

|

so,- Iz

and ‘f':_l ::'T‘ 1'.~2:O:-;1
Fa

similarly, whenporta- #'js short circuited, V== 0and the network looks as shown in Fig. 1.8(b)



_-;1 "‘_."2
a AYAAY AVAYAY 7 b
1Q 20 T
Vi=0 20 4Q Vo ~—za
a b

I
Ton = —| 7y =
2=t =0

Vzzladeg where Zeq istheequivalentimpedance asviewed from b- b’

=]
zeq =3 1
2=y %2
i

Ton _ Ja|ar _A =
I ‘:"EE -1’1—0 ==
Il = ]f_ r =
Tia = Ty

with a- ' is short circuited , - 1+ == I
. Vi
Since ,I; =5F

¥y W

_I'.l = *5 ? 2

i 1 ks

So, Tz=1 =-1
The descﬁbing eguations in terms of tye admittance parameters are

ir
o

I

]
[ =

V, +

A |

1 5
pomm —— =T
ks 4 1 51"

Transmission (ABCD) parameters




Figure 1.9

Transmission parameters or ABCD parameters are widely used in transmission line theory and
cascaded networks. In describing the transmission paraméters, the input variablés and !1 at port

1- 1’, usually called the sending endare expressedin terms of the output variables and at port

2- 2, called, the receiving end.The transmission parameters provide a direct relationship hetween
input and output. Transmission patameters are also called general circuit parameters, Ot chain
nparameters. They are definedby

'F-l = .*'I:'I-':: - Bf:

The negative signisused with -2, and notforthe parameter B and D. Boththe port currents Ii and -

1, aredirectedto theright, i.e. witha negativesign inequationaandb thecurrentsatport 2- 2’
whichleavestheportisdesignatedas positive. Theparameters A,B,Canddarecalled Transmission
parameters. In the matrix form, equation a and b are expressed as ,

3

&1 A By, V2
[Ii]:[(: D][—f:]
) i B . . .
The matrix [ o D] is called Transmission Matrix.

For a given network, these parameters can be determined as follows. With port 2- 2’ open circuited
e.lz =0; applying avoltage Vi atthe port 1- 1°, using equ a, we have

A=':_’:.| =0 andC=1r_| I.=0
Ve b Byl =

el

hence, =% Iy =T =gy /{:=0

1/Aiis called the open circuit voltage gain a dimension less parameter. And * = ’*_z(J i =Q" Taul 4y

=0is calk@d open circuit transferimpedance. with port 2- 2’ short circuiteé, e. b ,applying

voltage Y1 at port 1- 1’ from equn . b we have

- BE

I

p,o=( and - D=t
2 Ly

=0



E)
_B =W = "=0is called short circuit transfer admittance

and ,

S - P 0 = v =0 is called short circuit currentgain a dimension less parameter.
D Il %7 s

Problem 1.3

Find the transmission or general circuit parameters for the circuit shown in Fig.1.10

— SR )

. AAN AN *b
! T
V1 5Q V2
| b

- b

Fig. 1.10

Solution : From Equations 1.5and 1.6, we have
}1 = ."':I'I-'J: - .B}[:
I"_ - EtIF: - D]:

whep ﬁ*‘ b’ |sﬂopen circuited i.e. 2 =0, we
have

Whereh_;r1 %1, and V.75 1, andhence, A=

E c'ma C= =

=g 2
whehb b’is short circuited i.e. V> =0, we
have B = - and D =-

o = "'—_

Inthe’éJrcun - L =W anﬂ

B

e I



similarly, 1 =; tand - Iz V1

and hence D #

=]

Hybrid parameters

Hgbri_d arametersorh- garametersfindextensiveuseintra,nsi?torcircuits. Thegarevv_ellsuitedto
transistorcircuits as these parameters can be most conveniently measured. Thé hybrid matrices

des%rib_e a two- port network, when the voltﬁ%e of one port and the clulrrent of other port are taken

as the independent variables. Consider the network In figure 1.
Ifthevglta#geat ort1- 1’angc‘iwrentatpor12- 2’ aretaken as dependentvariables,we can
expressthenfintermsof I1 and V.
W=l Ve
1.7
Ig=haady +haaVa .,
....1.8
Thecoefficientintheabovetermsarecalledhybridparameters.Inmatrixnotation

51 “hyq Reg i
[ I3 1= hgy h::] [V: ]

1y I

1
——> | .q bo1—— 2

+
Inputy v QOutput
port "1 2 port
| _'1','—-'“" boet—e2
Figure 1.11

fromequationaand b the individual h parameters maybe defined byletting 1 = 2and Vz=0. when

Vaz 0,the port 2- 2’ is short circuited.

Then hy =‘T-| . =0 = shortcircuitinput

impedance. 1';:1 ==0 = short circuit forward current
Ll ..

gain S'}_quHérIy, by letting port1- 1’open, 1 =1

Mg = =0 = open circuit reverse voltage gain

W,
Tzl g

',|r= "1




X
haa = 2| 11 =0 = open circuited output admittance

_-:rg
¥a

Slnce h- parameters re,oresent dimensionally an impedance, an admittance,a voltage gain and a
ﬁeg}ggm the are call %h%bng &arameters .An equivalent circuit of a two- port network in terms
0 para eters iSs

—= |y - I3

t | i hay i'1. T
Vi | <D | B2 T

l ha Va

Figure 1.12

Problem 1.4

Find the h- parameters of the network shown in Fig 1.13.

a —AAN AN — %
T h 10 20 |
V, 2Q 4 Q Vs
aI
Fig.1.13
Solution :

From equations 1.7 and 1.8, we have

Yo e ]:

By =37 ¥z =0 ;Hag :J_ vz =0; Iz :% f1=q ; haz = 5| 1=0

Ifport b- 1" is short circuited, Vz = 0and the network looks as shown in Fig. 1.14(a)



10 20

— V; ;29 g#ﬂ
qu

Fig.1.14(a)

¥
b= 3| Ur=0; W = f Zug

Zuisthe equivalentimpedance as viewed from porta- 2'is 2Q
so, Vi =112V

by =Ve= 20
I
By = Ll 3. =0when v, =0;- I:=]_qand hence h‘."l.:'%

If port a- 4+ is open circuited, I1 = 0 and the network looks as shown in Fig. 1.14(b) then

; ly

YAYAY - AVAVAY
|‘1=D 10Q
T 2Q

Vi gzn §4n

Fig.1.14(b)
W

yy = T:
Vo=1.4; -Tx:]._

1

|
1]

1= andVy =L,2; 1,

N

ta |

b.ur



W

2 | J; 1
PR I P— "
By = 7| a=o=" and Mz =51 b=0 =

INTER RELATIONSHIPS OF DIFFERENT PARAMETERS

Expression of z parameters in terms of Y parameters and vice-versa

From equations 1.1,1.2,1.3 & 1.4, it is easy to derive the relation between the open circuit
impedance parameters and the short circuit admittance Farameters by means of two matrix
equationsoftherespectiveparameters. Bysolvingequationa andbfor Iy and 17, we get

W &1z al] v
I = [1;;3 23:] [Az ; and Iz 2[22 1;;,]/3'-.:

where 4: s the determinant of Z matrix

Zn
L= W 1.9
- -7
_ fma,
I;=- Az 1 + V2
B 1.10

. dpg - iig

Iy =7 i Ye=-
Z, z

Yo =- B M=
'5"3 o Z

Inasimilar manner, the z parameters maybeexpressed in terms of the admittance parameters by
solving equations 1.3 and 1.4for V; and V-

I (12 (19 ]
= [I: ‘r{:] /"ﬁ'j' ; and 1;2:[“1:":: Ii]/":".!
where 4. is thedeterminant of Y matrix

1. Tz

. Ty
&=l v
T
Yy = o L L ) 1.11

comparing equations 1.11and 1.12with equations 1.1and 1.2 we have



Toy = BB Ty
General Circuit Parametersor ABCD Parameters in Termsof Z parameters
and Y Parameters

We know that

A=AV =Bl Vi=Znh+tInh . li=YaW+ YoV

L =CV-D)  Vy=Ey]y + 20y [o =TV + 150V

Azl b=0. cXlp=v . B=Hw=0.p= &y, =0
e ! |5 ! ) ’ -

Substituting the condition Iz =0 in equations 1.1 and 1.2 we get

i
=g = Zoe

A=Z

e
wm

Substituting the condition I, =0 in equations 1.4 we get ,

AZ'H =0 =2
el

oo

Substituting the condition 2 =Oinequations 1.2we get

C= ==

1. T Fe
= =0
Suﬁéiitutingthecondition 1, =0in equation 1.3and 1.4and solvingfory_ gives

Foe . . . .
! # Where 2; is the determinant of the admittance matrix

=4

,I’_+;|*==‘3‘ Sk oo

Substituting the condition Vz =0 in equations 1.4, we get
Ylv.=g =-%. =8B
Substituting the conditiory;_ =0inequation 1.1and 1.2and solvingfor I gives

=V :,—’:Where Az is the determinant of the impedance matrix



=B

£

Substituting the condition V= =0in equation 1.2 we get,
=Ny

i

. _ Bz _
vp=0 = 2= =D

Substituting the condition Vz =0Oinequations 1.3and1.4
we get

-]
—r

I

‘.-::=c[ =

T and

representation

Atwo- port network with any number of elements may be converted into atwo- portthree-
element network. Thus, atwo- port network may be represented by an equivalent
}ll'éurréeivvlogk, I.e. three impedances are connected together inthe formofa T as shown in

4+ —
t— " }—*2
f,l—""" Za zb - ,'2
V‘I Zc Vz
1 - = o
Figure 1.15

Itis possibleto expressthe elements ofthe T- networkintermofZ parameters,or ABCD
parameters as explainedbelow.

Z parameters of the network




Z:u: :IIT:' I1:O

Zyy =P 1, =0

From the above relations, it is clear that

Z, =2,; n
Zy, = 255 2y
7, =2, %
ABCDparametersofthenetwork
w, Zg +E
A=gl=0 =75
=-T1" ¥:=0

When 2- 2'is short circuited
_ Vile
ST

==l=0 = =
- Z;
D =':-' 'Th_?: =0
: 'I - - -
When 2- 2 is short circuited
—1,=1, S
- Zptdy
D = LI,
Z;

From the above relations we can obtain

. _ D=1 _1
’Zrl.i'_ T ,EE_[

_ a1
Z, =
o

Problem :1.6



The Z parameters of a Two- portnetwork are Z11 = 1041 235 = 1580, Z5-2y =50)

Find the equivalent T network and ABCD Parameters.
Solution :

The equivalent T networkis shown in Figure 1.16

where Za = &1 - Zu=50Q

Zy=21- 22=100Q

and Z. =5Q

The ABCD parameters of the network are

A=S41=2:B=( )+ EZ=25Q
v

Z.+ZL,
C= =0.02;D=1_ 3
1 o

In az_si_milar way a two- port network may be represented by an equivalest - network; i.e.
three impedances or admittances are connected together in the form of as shown in Fig
1.17. s

Ly Z,




Fig. 1.16 Fig.1.17

Itispossibletoexpresstheelementsofthe = - networkintermsof Y parametersor
ABCD parameters as explainedbelow.

Y- parameters of the network

= =0 = +
kv wv,
:'\rr_ = :o —_ -ﬁ-: -

1z = Vi=0= VY,

From the above relations, it is clear that

Y=Y+ ¥

Y=k
=Yoo + Yoy

=iy _ Yp R

A=Y_;a_: T
C= —: = +'1"3+‘:—:'r

o Ty

from the above results, we obtain
o D=1 R
1:['-1_ ] 111': _Ey

&=1

om— —
=3



9.1 CLASSIFICATION OF FILTERS

Afilteris areactive network that freely passes the desired band of frequencies while almost
totallysuppressingallotherbands. Afilter isconstructedfrompurelyreactiveelements, for
otherwisetheattenuationwouldneverbecomes zeroin thepass bandof the filter network.
Filtersdifferfromsimpleresonantcircuitinprovidingasubstantiallyconstanttransmission
over the band which theﬁ accept; this band may lie between any limits depending on the
design. Ideally, filters shouldproducenoattenuationinthedesiredband, calledthe
transmissionbandorpassband, andshouldprovidetotalorinfiniteattenuationatallother
frequencies, called attenuation band or stop band. The frequency which separates the

transmissionbandand the attenuation bandis defined asthe cut- offfrequency ofthe wave
filters, and is designated by fc

Filter networks are widelﬁl used in communication %?/ster_ns to separate various voice

channelsincarrierfrequencytelephonecircuits. Filtersalsofindapplicationsininstrumentation,

telemete_rlnge(}_u|pmente_tc. whereitisnecessarytotransmitorattenuatealimitedrangeof

frequencies. Atilter may, in principle, have any number of pass bands separated by attenuation

Eangs.?owe\{er, theyareclassifiedintofourcommontypes, viz.lowpass, highpass, bandpassand
and elimination.

Decibel and neper

The attenuation of a wave filter can be expressed in decibels or nepers.Neper is defined as the
natural logarithm of the ratio of input voltage (or current) to the output voltage (or current), provide
that the network is properly terminated in its characteristic impedance Zo.

/4 12
o——>— ———————e
T V, T\ﬁ). VF:/O“ Vo T
— -4

|

Fig.9.1 (a)

From fig. 9.1 (a) the number of nepers, N=log e [V1/V2] or loge [lu/2]. A neper can also be
expressed in terms of input power,P1and the output power Pz2as N=1/2 loge P1/P2. A decibel is
defined as ten times the common logarithms of the ratio of the input power to the output power.

Decibel D=10 logioP1/P2



The decibel can be expressed in terms of the ratio of input voltage (or current) and the output
voltage (or current.)

D=20 log10[V1/V2] =20 logo[l1/I2]
* One decibel is equal to 0.115 N.

Low Pass Filter

By definition alowpass(LP) filterisone which passes without attenuation allfrequencies

UP to the cut- off frequency fc ,.and attenuates all other frequencies greater than f. . The
attenuation characteristic ot an ideal LP filter is shown in fig.9.1(b). This transmits currents of all

frequencies from zero up to the cut- off frequency. The band is called pass band ortransmission
band.Thus,the pass band for the LP filter is the frequency range 0Oto fc. The frequency range
over which transmission does not take place is called the stop band or attenuation band. The Stop
band for a LP filter is the frequency range above f. .

T Pass | . ; T Attenuation
o Band ttenuation o Pass
Band Band Band
fe o 5 fe —f
Low Pass Filter High Pass Filter
o | Attenuation| pagg Attenuation o |Pass | Attenuation | Pass
Band Band Band Band | Band Band
A
f1 fz —f f1 r f
- 2
gy Band Elimination Filter

Fig.9.1 (b)

High Pass Filter

A hiﬁh pass (HP) filter attenuates all frequencies below a designated cut- off frequency, f., and

asses all frequencies above fc . Thus the pass band of this filter is the frequency range above f., an
fhe gstg[zbb)and is the frequency range below fc. The attenuation characteristic of a HP filter is shown i
ig.9. .

Band Pass Filter

d
n



A filt f [ t ignat t- off i
attera e e e e S B s Rt B B B N has
two cut- offfrequencies and will have the pass band f>—fi; fiis called the lower cut —off frequency,
while f2is called the upper cut- off frequency.

Band Elimination filter

Aband eliminationfilter passesallfrequencies lyingoutside acertainrange, while it attenuates
all frequencies between the two designated frequencies. It is also referred as band stop filter. The
characteristic of an ideal band elimination filter is shown in fig.9.1 (b). All frequencies between f:
and f>will be attenuated while frequencies below f:and above f. will be passed.

9.2 FILTER NETWORKS

_ Ideallya filter should havezeroattenuation in thepassband. This conditioncanonly be
satisfied if the elements of the filter are dissipationless.which cannot be realized in practice. Filters are
designed with an assumption thatthe elements of thefilters are purely reactive. Filters are made of
symmetrical T, or nsection. T and nsection can be considered as combination of unsymmetrical L
sections as shown in Fig.9.2.

1y St o R oy BT i
[] 27, 27, E] o

(a) (b)

z z

=1 1

2 > Z4
i e B s =

2z, [] 2z, [] 27, [:] 2z,

) (d)
Fig. 9.2

~ The ladder structure is one of the commonest forms of filter network. A cascade
connection of several T and nsections constitutes a ladder network. A common form of the ladder
network is shown in Fig.9.3.

Figure 9.3(a) represents a T section ladder network, whereas Fig.9.3(b) represents the nsection
ladder network. It can be observed that both networks are identical except at the ends.



Z1 21 21 Z1

ﬂ -1 |L ﬁml | ey L
] 22 22 Zz 22
(@)
Z1 Z1 Z1 Z1
—
o) ——— e gt
222 22 Z2 z2 222
(b)
Fig. 9.3

9.3 EQUATIONS OF FILTER NETWORKS

The study of the behavior of anyfilter requires the calculation of its propagation constant Y,
attenuation a, phase shift Band its characteristic impedance Zo.

T-Network

Consider a symmetrical T- network as shown in Fig. 9.4.

L1 Z;
1 2 2 2
e AT A ANN——2
Z2 Zo
d >
Fig.9.4

] If theimageimpedances atport 1- 1'andport2- 2'areequal to eachother,theimage
impedance isthen called the characteristic, or the jterative impedance, Zo.Thus, if the hetwork in
Fig.9.41sterminated in Zo.its inputimpedance willalso be Zo. The value of inputimpedance for

the T- network when it is terminated in Zois given by



o 7
Zz[ 21 +Zo}
+

Z
Zin =—L
2 Z, ;
5 +Zz +Z0
also Zin = Z()
Z
222( L+ Z J
% 17 Z; 3 > 0

4, 42, +22,27,)
2 Z,+22Z, +22Z,

Zy =

s le + 2ZlZZ +2Z|ZO +2ZIZZ "*' 42022

Zy
2(Z, +22Z, +22;)
473 =Z: 42,2,
2

The characteristic impedance of a symmetrical T- section is

(9.1)
Zor canalso be expressedinterms of open circuitimpedance Zoc and shortcircuitimpedance Z
scof the T—network . From Fig. 9.4, the open circuit impedance Z oc = Z1/2+Z 2 and

Z
Z L <Z,
Z -:_l+2—_
se > Z] ¥
s
2 2

Szt +42,2,
i 2Z, +4Z,

ZZ
Zoo X Z = ZaZo A T‘

‘.
2
=Zor OF Zop = JZoZLs.

(9.2)
Propagation Constant of T- Network
By definitation the propagation constant Yof the network in Fig.9.5 is given by Y= log e l1/I2



Writing the mesh equation for the 2nd mesh, we get

21, L1
2 2
1 AAN AAN AL G 2

2
£ =

Zl
— 4 Z. 51
7, 4 a0 e oY
12 ZZ
—Z—l—-i-Z;:‘*”ZozzzeY
2 ' ; Z,
(9.3)
2
i
Zor = A|l—+2Z,Z
or e A
4
(9.4)

Squaring Esqg. 9.3 and 9.4 and subtracting Eq.9.4 from Eq.9.3, we get



Zf

2
Z3 (@ -1 + 2~ Z,Z,(" Lyl

Zie" -1’ -2,Z,(0 He" — D=0
Zi (-1 —-2,Z,e¥ =0
Z,(e"—1)>—-Ze"=0

(e‘Y _1)2 5 Zle‘y
Z,
P B e Y Y. 4
Zye Y

Rearranging the above equation, we have

e V(e +1—2eY) = <.
Z5

(e’ +e ¥ —2)= R

Z5

Dividing both sides by 2, we have

e’ +e Y Z
2 27,

coshvy =1+ 2?
2

(9.5)

Still another expression may obtained for the complex propagation constant in terms of
the hyperbolic tangent rather than hyperboliccosine.



. 1 i ey
sinhy=—1Z7, sk s O
(9.6)
Dividing Eq.9.6 by Eq.9.5, We get
=z .
tanh vy = L
Z, + =L
< 2
Z
=2
2
Also from Eq. 9.2,
Zor — ZocZL se
s A
tanh y = Zo.
Also sinh —;— == J% (cosh~vy —1)
Where coshy —=1+(Z,/2Z,)
a8 Zy
L A

m - Network

(9.7)

Consider asymmetrical n— section shown in Fig. 9.6. When the network is terminated in Z o at port 2

— 2" its input impedance is given by

Z4 2
1 . o j\/\/\/7
/1 / /2
27, 27
g B >

Fig.9.6



p 2 I
2Z, [Z, R 2+§ l ,
AU 2 0 )
m
Z, + 225 Zo ey
2Z, + Z,

By definition of characteristic
impedance, Z;, = Z,
2Z, Zp
2Z, +Zg

£22. 294 o088
2Z, + Z

X7 [Z, =S

Zo=

Zy ¥

s B (27,7 & ZnZs +2ZeZ
7 7 g 27,72, 2742 = ,(2Z, 2 0Zy +2Z4y2Z3)
2Z, + 2, (22, +2Zo)

2Z4Z,Z, + Z\Z5 + 2252, + 42220 ¥ 22,24
— 42,72 +2ZZ,Z, +4ZyZ;
: 2,22 ¥42,23 =4Z,Z;
Z2(Z, +42Z,)=4AZZ;
e AZ,Z3
Z, +42Z,

Rearranging the above equation leads to

Z,Z5
Zo = . Tty
142, /4Z,
@wjhich is the characteristic impedance of a symmetrical mr-network

212,

ZO1r < s >
V22, FZr /4
From Eq. 9.1
ZZ
Zor — '—41——!—le2
Z L&z
ZOT

(9.9)



Zoncan be expressed interms of the open circuitimpedance Z oc and short circuitimpedance
Z sc of the nnetwork shown in Fig.9.6 exclusive of the load Z o.

From Fig.9.6, the input impedance at port 1- 1 when port 2 -2 is open is given by
et 2Z,(Z, +2Z,)
' Z,+4Z,

Similarly, the input impedance at port 1 — 1 when port 2 — 2'is short circuit is given by
2Zn L
Z,\‘(‘ =3 l 2'-
2Z, + Z,
4Z,73 Zi Zs

Hence Z, . x<Z = - =

Thus from Eq. 9.8

(9.10)

Propagation Constant of m - Network

The propagation constant of a symmetrical n— section is the same as that fora symmetrical T—
Section.

: Z
1e. cosh y= 14—

2

9.4 CLASSIFICATION OF PASS BAND
AND STOP BAND

Itis possible to verify the characteristics of filters from the propagation constant of the network. The

propagationconstant ¥, beingafunctionoffrequency, thepasshand, stopbandandthecut-_off
point, i.e. the point of separation between the two bands, can be identified. For symmetrical T or n—
section, the expression for propagation constant Yin terms of the hyperbolic functions is given by Eqs

95 and 9.7 in section 9.3. FromEQ.9.7,sinh ¥/12=/(Z1/42>) .

If Zrand Zzare both pure imaginary values, their ratio, and hence Z1/4Z2, willbe a pure real
number. Since Ziand Zzmaybeanywhereintherangefrom- jato +ja, Z1/ 4Z2mayalso haveany



real value between the infinite limits . Thensinh¥/2=/Z 1/7/4Z2willalso have infinite limits, but may
be either real orimaginary depending upon whether Z1/ 47> is positive or negative.

We knowthatthe {)ropagation constant is a complex function Y= a+jB, the real part of the
complex propagation constanta, Isa measure of the change in magnitude of the current or voltage in
the network ,known as the attenuationconstant . Bis a measure of the difference in phase
between the inputand output currents or voltages. Known as phase shift constant Therefore aand 3
take on different values depending upon the of Z1/ 4Z> . From EQq.9.7, We have

sinh ¥ = sinh[g + lﬁ] = sinhi)l—cosE +jcosh(—)lsinE
2 20 2 2 ok 2, @

Z)
47,

(9.11)
Case A

If Ziand Zzarethesametypeofreactances, then[Zi/ 4Z2] isrealandequaltosaya+x.
The imaginary part of the Eq. 9.11 must be zero.

(9.12)
sinh %cos% = X ;in B =0
(9.13)

aand Bmust satisfy both the above equations.

Equation 9.12 can be satisfied if /2= 0or nn, where n=0, 1, 2,....., then cos /2 = 1 and sinh a/2= x

=/(21142Z2)

That x should be always positive implies that

L I
i,

(9.14)

>0 and o = 2sinh”




Since a=0, it indicates that the attenuation exists.
Case B

Consider the case of Z:and Zzbeing opposite type of reactances, i.e. Z1/ 4Z: is negative,
making /Z1/ 4Z2imaginary and equal to say JX

*The real part of the Eq.9.11 must be zero.
. (e
sinh — cos B =0
2 2
(9.15)

B

s L
cosh—sin—=x
2

(9.16)

Boththe equations mustbe satisfied simultaneously byoand 3. Equation 9.15maybe satisfied
when a= 0, or when B=n. These conditions are considered separately heréunder

_ (i) Whena= 0; from Eq. 9.15, sinha/2=0.andfrom EQ.9.16sinB/2=x=/( Z1/ 4Z2). Butthe
sine can have a maximum value of 1. Therefore, the above solution is valid only for negative Z1/4Z>
,andhaving maximumvalue of unity. Itindicates the conditionof pass bandwith zero attenuation
and follows the conditionas

Z,
= =<0
4z,

Z

B = 2sin !
a4z,

(9.17)
(il) When B=n, from Eq.9.15, cos f/2=0. And from Eq.9.16, sin B/2=+1; cosh a/l2=x=/(Z1/ 4Z>)

Since cosh a/2 >1, this solution is valid for negative Z1/ 4Z2,and having magnitude
greater than, or equal to unity. It indicates the condition of stop band since a=0.

Zl
e et =1
4z,
Zl
4z,

o — 2cosh !

(9.18)

~Itcanbe observed that there are three limits for case A and B. Knowing the values of Z1
and Z2, itis possible to determine the case to be applied to the filter. Ziand Zzare made of
different types of reactances, or combinations of reactances, so that, as the frequency changes, a
filter may pass from one case to another. Case Aand (i) in case B are attenuation bands, whereas (i)
in case B is the transmission band.



Thefrequencywhichseparatestheattenuationbandfrompassbandorviceversais

calledcut- off frequenC){_. Thecut- offfrequencyisdenatedby fc, andisalsotermedasnominal
inthe pass band and imaginary in an attenuation band, fcisthe frequency at

frequency. Since Zojsrea
which Zschanges from being real to being imaginary. These frequencies occur at

Zl
=O0or Z, =0
42> 9.18(a)
Z
2 _ 9.18(b)
The above conditions can be represented graphically, as in Fig.9.7.
?oc (nepers) A
Stop Pas St
Band Banz Ba?’rpd P (T
: R 7T
: /2
2 -4 » Z1 :
a4z,

Fig. 9.7

9.5 CHARACTERISTIC IMPEDANCE IN
THE PASS AND STOP BANDS

Referring to the characteristic impedance of a symmetrical T- network, from Eqg. 9.1 We have

Z 7
Zon=i|—=+2.2, = |Z,Z, |14+ —=
0r 4 1542 12 422

If Z1and Zz are purely reactive, let Z1 = jx1and Zz = jxz, then



.-

Zor = ([7%%2 H’T

(9.19)

A pass band exists when x1 and xz are of opposite reactances and
_\']
4x,

-—

Substituting these conditions in Eq. 9.19, wefind that Zor is positive and real. Now consider
the stop band. A stop band exists when x1and xzare of the same type of reactances; then xi1/4x2> 0.
Substltutln%hesecond|t|on$|n Eqg. 9.19, wefindthat Zotispurleyimaginaryinthisattenuation
region. Another stop band exists when x1and x 2are of the same type of reactances, but with x1/4x2

—1<L <0

<- 1.Thenfrom Eq.9.19, Zor is again purly imaginary in the attenuation region.

_ Thus, inapassbandifanetworkisterminatedinapureresistance Ro(Zor=Ro), theinput

impedance is Roand the network transmits the power received from the source to the Rowithout
any attenuation. In a stop band Zoris reactive. Therefore, if the network is terminated in a pure
reactance ( Zo= pure reactance), the input impedance is reactive, and cannot receive or transmit
power. However, the network transmits voltage and current with 90°phase difference and with

attenuation. It has already been shown that the characteristics impedance of a symmet rical n-
section can be expresséd in terms of T. Thus, from EQ.9.9,Zon= Z1Z2/Zor.

~ Since Ziand Zzarepurelyreactive, Zonisreal, if Zotisreal and Zoxisimaginaryif Zot is
imaginary. Thus the conditions developed for T — section are valid for n— sections.

9.6 CONSTANT -K LOW PASS FILTER

Arlwett_work, either Torn, issaidtobeoftheconstant— ktypeif Ziand Zzof thenetworksatisfythe
relation

Z1Z 2= k?
(9.20)

Where Ziand Zzare impedancesinthe T and nsections as shown in Fig.9.8.Equation 9.20 states
that Ziand Zzare inverse if their product is a constant, independent of frequency. K isa real
constant trilat |1§Ithe resistance. kis often termed as design impedance or nominalimpedance ofthe
constant k — filter.



The constantk, T or ntype filter is also known as the prototype because other more complex
network can be derived from it. A prototype T and n— section are shown in

Z; Z;
2 i Z;
T B ——e
L/2 L/2 s
i I |
€2 T C 2Z, T cl/2 c/2 T 22,
(@) (b)

Fig.9.8

Fig.9.8(ac? and $bf) where Z:=jw.and Z2=1/ jwc. Hence Z:1Z>= L /C =k?whichis
ndependent of frequency.

L ,
( \cC

Since the product Ziand Zzis constant, the filter is a constant— k type. From Eq.9.18 (a) the
cut- off frequencies are Z1/4Z2=0,

(9.21)

y e 0o
1.C. ﬁ-w L( — - O
4
i.e. f =0 and - —1
4z,
ALY (. o
s
PR e 1
Joe = —F——
N LC
(9.22)

The pass band can be determined graphically. The reactances of Ziand 4Zzwill vary with

frequencyasdrawninFig.9.9.The cut- offfrequency atthe intersectionofthe curves Ziand - 4zzis
indicatedas fc. Onthe X— axisas Zi=- 4Z:atcut- off frequency, thepassbandliesbetween

the frequencies at which Z1=0, and Z1=- 4Z>.



Attenuation

Reactance Band

o>

Fig.9.9
All the fre\%Jenues abovefclieina stop or attenuatlon band, thus, the network is called a low-
pass filter . We also have from Eq.9.7
N —szC Jw\/LC
smh
From Eq.9.22
NLC = -

JSe

ar
sinh Y = 4 = j—[—
2 27tf, o
We also know that in the pass band
Z>

—l<—w2LC<O
4
fz
—1l<—|=| <O
B [f]
or -‘—f—<l
- i
and B=2sin—l[7];a=0

In the attenuation band,
Z, : f
< —lie.—<l1
a4z, 5 i’?s Sl
. -——Z' — 2cosh ! —f— 3B = ar
Z5

o« = 2 cosh

The plots of aand Bfor pass and stop bands are shown in Fig.9.10



Thus, from Fig. 9.10, a= 0, B= 2 sinh- 1 (f/fc ) for f< fc
a= 2cosh- 1 (f/ fc); B= nfor f> fc

oL
n i
B
| | | t f
0.5 o 1 1.5 2 25
St f
Fig.9.10

The characteristics impedance can be calculated as follows

1
Zor = & Z2 |1+
=

|1 S

f]z

ZOT

= K 1—(
g

(9.23)

FromEQ.9.23, Zorisraelwhenf< fc,i.e.inthe passband at f=fc, Zor; andfor f> fc, Zoris
imaginary inthe attenuation band, rising to infinite reactance at infinite frequency . The variation of Zor

with frequency is shown in Fig.9.11
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Fig.9.11
Similarly, the characteristics impedance of a n— network is given by
b8 O’ Zl ZZ ol k
“0mw — o
e

(9.24)

.. .The variation of Zonwith frequency is shown in Fig.9.11. For f<fc, Zonis real ; at f= fc, Zoris
infinite , and for f > fc, Zonis imaginary .”A low pass filter can be designed from the specifications of
cut- off frequency and load resistance.

At cut- off frequency, Z1=- 47>

—4
Jw C

C

Jo L =
2 I X ) W
wof 2LC = 1

Also we know that k = /L / C is called the design impedance or the load resistance
o =
C.
1

T2 RC2 =

il

1 : . :
C= - gives the value of the shunt capacitance
’rr.

c

and L =k*C =

gives the value of the series inductance.

f

¢

Example 9.1.

Design a low pass filter (both nand T — sections ) having a cut- off frequency of 2 kHz
to operate with a terminated load resistance of 500 Q.

solution. Itis giventhat k= /(L /C) =500Q, and fc=2000Hz
we know that L = k/nfc=500/3.14 x 2000 =79.6 mH

C = lnfck = 1/3.14.2000.500 = 0.318 pF



The T and n— sections of this filter are shown in Fig.9.12 (a) and (b) respectively.

L/2 =39.8 mH

L/2 = 39.8 mH

L=79.6 mH

—TEEO “BEEE S IR
= L =
3 3
- C =0.3189 uf B2 R
o o
(@) (b)
Fig.9.12
Constant K — high pass filter can be obtained by changing the positions of series and shunt arms of
the networks shown in Fig.9.8.The prototype high pass filters are shown in Fig.9.13,where Z1=- jlwc
and Zz2=jwL .
2C 2C C
— I ot Tie 1 .
Z Z 4
2 2
L 22 3L 8 2% 2L Q 22
(a) (b)
Fig.9.13

Again, it can be observed that the product of Ziand Zzis ind(?aendent forecLl)Jency, andthe
1 y

filter design obtained will be of the constant k type .Thus,

2.2, =—%jol =—=k>
I e
il

C

The cut- off frequencies are given by Zi1=0and Z2= - 4Z>.
Z1= 0 indicates j/jwC =0, or w—a

Z2are given



From Zi1=- 472
- jlwC=- 4jwL
w’LC = 1/4

l

41r\/L—C

O f,=

(9.25)

The reactances of Z1 and Z2 are sketched as functions of frequency as shown in Fig.9.14.

Zs

Reactance —-
N

425
—— Passband —

Fig.9.14

As seen from Fig.9.14, the filter transmits all frequencies between f= fc and f= a. The point fc

from the graph is a point at which Z1=- 4Z2.
From Eq.9.7,

iy O e R i LI
4Z, \4dw’LC

From Eq. 9.25,



N i i g il
4/,
YT
inn Y L |20 () ———ji
2 % /

In the pass band, - 1< Z1/4Z2< 0, a= 0 or the region in which fc/ f< 1is a pass band B=2sin - *( fc/ f
)

In the attenuation band Z1/4Z2< - ljiefc/f>1
a= 2 cosh- 1[Z1/ 4Z7]

=2cos Yfc/f);B=-n

_*f

Fig.9.15

The plots of aand Bfor pass and stop bands of a high pass filter network are shown in Fig.9.15.

A high passfilter may be designed similar to the low pass filter by choosing a resistive load r
equal to the constantk , suchthatR=k=/L/C



k 1
Je = 4wl  4AwCk
Since o= :
k
1 == L and C = 1_
4rf . 4mf . k

The characteristic impedance can be calculated using the relation

Z = |Z:Z5]|1+4 st

& ’ 2[ ] \/C 4w? LC]
2

o )

Similarly, the characteristic impedance of a n— network is given by

Zy

T oS Bl B oty b et - B
(9.26) Zor =T
Fig,9.16

0 e
The plot of characteristic impedanégs with respect to frequeﬁcy is shown in FIg.9.16. f

Example 9.2.



Design a high pass filter having a cut- off frequency of 1 kHz with a load resistance

of 600 Q.

Solution. Itis given that R.=K =600 Qand fc =1000 Hz
L = K/4nfc= 600/4x nx 1000=47.74mH
C = 1/4nkfc=1/4nx 600x1000=0.133uF

The T and n— sections of the filter are shown in Fig.9.17.

2C = 0.266 nF 2C = 0.266 nF C = 0.133 uF
] e o I -
-
L=47.74 mH 2L © 24 95.48 mH
o
D
(a) (b)
Fig.9.17

9.8 m- DERIVED T - SECTION FILTER

Itis clearfrom _F|?s._9.1o and 9.15thatthe attenuationis not sharp inthe stop bandfork- typefilters.
The characterisiicimpedance, Zois a function of frequency and varies widely in the transmission
band. Attenuation can be increased in the stop band by using ladder section, i.€.by connecting two or
moreidenticalsections. In order to join thefilter sections, itwouldbenecessarythattheir =
characteristic impedances be equal to each other at all frequencies. If their'characteristic
impedances match at all frequencies, they would also have the same pass band . However ,
cascading is not a proper solution from a practical point of view .

_ This is because practical elements have a certain resistance, which gives rise to
attenuation in the pass band also. Therefore, any attempt to increase attenuation in stop band by
cascading also results in anincrease of ‘o’ in the pass band .If the constant k section is regarded as
theprototype, it ispossibletodesignafiltertohaverapidattenuationinthestopband, andthe
same characteristicimpedance as the prototype at all frequencies . Such afilteris called m — derived
filter. Sug) ose a prototype T—network shown in Fig.9.18(a) has the series arm modified as shown in
Fig.9.1 Jt))) , where m'is a constant . Equating the characteristic impedance of the networks in
Fig.9.18, we have



21/2 21/2 mZ4/2 mZ4/2

Z, |‘ ‘iz’z
) (b)

(a

Fig.9.18

Zor=Zor’

Where Zor ,is the characteristic impedance of the modified (m — derived) T — network.

[2> 2,2
-—j—--&—Z,Z :Jm4 L +mz,Z;

(9.27)

It appears that the shunt arm Z ' consists of two impedances in series as shown in Fig.9.19.
2

=472 m=4/2
s o7, 1 VT A Loa ik 5
Z>frry

Za(1—m2)

Fig.9.19



_ From Eq.9.27, 1 — m?/4m should be positive to realize the impedance Z 2 physically ,
i.e.0<m<1. Thus m—derived section can be obtained fromthe prototype by modifying its seriesand
shuntarms.Thesametechniguecanbeappliedtonsectionnetwork. Supposeaprototypen—
network shown in Fig. 9.20?a) has the shunt arm modified as shown in Fig. 9.20(%5).

21 Z/‘I

(@) (b)

‘ Fig.9.20
Zon=27
0
Where Z ‘onis the characteristic impedance of the modified (m — derived) n— network.

m

2
I+ '
\ 4-7Z,1/'m




Squaring and cross multiplying the above equation results as under.

AZZ 87z

m

(42,7, + mZ',’Zl )l

Zi £ + 3651 mZ, ] =477,
m m
2,2,
2 L mZ,
4m m 4

or Z]’ Zas

ks Z,\Z,
A Z
2 + 1L 1—m?)
m  4m
o A Z,4
Z,Z, il ; mZ, —2 ”:
7/ — (s )s\ ¥ (1—m*)
; Z, 4m’* Z,4m

+Zm mZ +

m(l — mz) (1— m’ )

(9.28)

It appears that the series arm of the m—derived nsection is a parallel combination of mz: and
4mZz2/1 — m? . The derived m section is shown in Fig.9.21.

m - Derived Low Pass Filter

In Fig.9.22 , both m — derived low pass T and nfilter sections are shown. For the T —section shown in

Fig.9.22(a) , the shunt arm is to be chosen so that it is resonant at some frequency faabove cut- off
frequency fc.

If the shuntarm is series resonant ,its impedance will be minimum or zero .Therefore , the
outputis zero and will correspond to infinite attenuation at this particular frequency . Thus, at fa

1/mwrC = 1 —m?4m wr L , where wr is the resonant frequency



mZ4

L & =
2Z>/m _1_4[0_ Z 2Z5/m
- ®
Fig.9.21
—_m2
e
mi/2 mlL/2 it
O—mTUT/UWo J .
1-m? | mcl2 T boy = mc/2
4m
(a) (b)
Fig.9.22
e .
O—m>H)LC
1
f

r

F wJLCA —m?) )

Since the cut- off frequency for the low pass filter is fc = 1/nVLC

e
S & e
1—m?
(9.29)
2
or m= |1 [%]

(9.30)



If asharp cut- offis desired,fashould be near to fc . From Eq.9.29,it is clear that for the
smallerthevalueof m,facomesclosefo f..Equation 9.30showsthatif /- and fearespecified, the
necessary value of mmay then be calculated. Similarly, for m—derived nsection, the inductance
andcapacitance inthe series arm constitute aresonantcircuit. Thus, at fua frequency corresponds to
infinite attenuation, i.e. at fa

1

2
[ 17— ” ]oo,.C
4m

Al 4
LG et %)
1

mw, I —

Lo T
'n'\/LC(l — m?> )
1
Since, Lorer rnTeE
o~ LC
fi=—te—— 1

V11— m?

(9.31)

Thus for both m — derived low pass networks for a positive value of m(0<m< 1), fa>fc.

Equations 9.30 or 9.31 can be used to choose the value of m, knowing f;and f:. After the value
mcfs evaluated, the elements of the T or n— netwoﬁ<s can be ound0 fror'r(\] éf 9. 2. The variation oP

attenuationfor a low pass m — derived section can be verified from a= 2cosh- 1/Z1/4Z>for fe< f < fa.
For Zi1=jwL and Z2= - j/wC for the prototype.

m /
« = 2cosh™! Je -
1_[ S J
J&
m-.
and B=2sin"! LZ"—) = 2sin "} Je

2
I

Figure 9.23shows the variation of a, Band Zowith respect to frequency foran m—derived
low pass filter.



feka = £y

Example 9.3

impedance OPES@Baandt gvr%%lgrw a?rségtgénalllrHBBt-HoszfrequencyoflkHz,de3|gn

Solution. k=400Q, fc=1000Hz ; fa=1100Hz

From Eq.9.30
lOOO
,/1 = — 0.416
/, \/ 1 100

Letusdesignthevaluesof Land Cforalowpass, K— typefilter(prototypefilter).
Thus,

k 400
L= == = 127.32
s, T =< 1000 ks

1 1
C = = = 0.
awkf. a1 > 400 =< 1000 Kl

The elements of m—derived low pass sections can be obtained with reference to Fig.9.22.

Thus the T- section elementsare



mL _ 0.416x127.32x10°°
2 2

mC = 0.416 X 0.795 X 106 = 0.33 puF

= 26.48 mH

1—m? ol 1—(0.416)°

= %127.32%10"> = 63.27 mH
4m 4-0.416

The ar-section elements are

mC _ 0.416x0.795x10 ¢
WD 2

— 0.165 .F

1—m? 1—(0.416)°
D =5
4m 4x<0.416

% 0.795%10 % = 0.395 uF

mL = 0.416 X 127.32 X 103 = 52.965 mH
The m —derived LP filter sections are shown in Fig.9.24.

52.965 mH
26.48 mH 26.48 mH —78000

W "_‘ e

0395uF |
63.27 mH ‘ T

=5

0.165 uF
0.165 uF

(@) (b)
Fig.9.24

m - Derived High Pass Filter

In Fig.9.25 both m — derived high pass T and n— section are shown.

~Ifthe shuntarmin T — section is series resonant, it offers minimum or zero
impedance.Therefore, theoutputiszeroand, thus, atresonancefrequencyorthefrequency
corresponds to infiniteattenuation.



(.l) —d
r 4m
" w,——C
1 —m
4m_l_
1—m?
2C/m 2C/Im
t H ot e
Loy g sg |
L/im c/m
2L/m
_4am -~ 2L/m
> T 1-—-m? " L
(a) (b)
Fig.9.25
2
i L 4m 41.C
— — c
ml-—m
L _\/1—m2 _\/l—nzz

x =—F—O0r f = ——=
” 2JLC Je 4m~/LC

From Eq. 9.25, the cut — off frequency fc of a high pass prototype filter is given by

fuo=fol1=m?

(9.32)
2
m= 11— —fl
Je
(9.33)

Similarly,for the m—derived n—section , the resonant circuit is constituted by the series
arm inductance and capacitance . Thus, at fa



4rn2 S —
1 — 72 e o
71
= 2
(1)2 :(Ui = 1 772
41.C

oo L_ g Ll l_ L |
i | |
o | |
Atten'uatioL IPass band
Band l
|
l
l
0 | ,
'—’fm fc < f
(a)
Fig.9.26

Thus the frequency corresponding to infinite attenuation is the same for both sections

Equation 9.33 may be used to determine m for a given feand fc. The elements of the m —
derived high pass T or n— sections can be found from Fig.9.25. The variation of a, Band Zo with

frequency is shown in Fig. 9.26.

B
ol Te e 7
|
|
<t Il Pass band——_,_
Attenuation

Band
(b)

Fig.9.26



Example 9.4.
Designam- derived high passfilterwithacut- offfrequency of 10kHz; design
impedance of 5Qand m =0.4.

Solution .For the prototype high pass filter,

k 500

L= - ——
4nf.  4xrx10000

= 3.978 mH

il fcars 1
Amkf., 4w %500 x10000

= 0.0159 wF

Theelementsofm- derivedhighpasssectionscanbeobtainedwithreferenceto Fig.9.25.Thus,
the T- section elements are

2C _ 2x0.0159x<10"°

Tt i = 0.0795 WwF
L 397810 " AT, < P
77 0.4 RS A
4 4<0.4
——C=—"_30.0159%10"° — 0.
1 ps? 1—(0.4)2 0.0302 wF

The ar-section elements are

2L _2x0.0159x107?

r~ = = 19.89 mH
4m 4<0.4
——— XL =—""""_<3978x<10"3 = 7.

C  0.0159
— = ——""x10"°% = 0.0397 uF

m 0.4

T and nsections of the m —derived high pass filter are shown in Fig.9.27.

7.5777 mH
0.0795 puF 0.0795 uF 5500
pre——t i
11
9.945 mH 0.0397 uF

19.89 mH
19.89 mH

0.0302 uF
T H

(a) (b)



Fig.9.27

9.9 BAND PASSFILTER

Asalready explained in Section 9.1, aband pass filter is one which attenuates all frequencies below

a lower cut- off frequency {‘1 and above an ucsagercut- off frequency f>. Frequencies lyin
between fiand f2comprisé the pass band,and are transmitted with zero attenuation .A band 8ass

filter may be obtained by using a low pass filter followed by a high passfilter inwhich the cut- off
freﬂuegcx 8f tpfe LP filter is above theﬁ]ut-. off frequenc .of}he HP filter , the overlap thus allowing
only aband of frequencies to pass . This is not economicalin practice; it is more economical to
combine the low and high pass functions into a single filter section .

Consider the circuit in Fig.9.28, each arm has a resonant circuit with same resonant
frequency, i.e. the resonant fre_quenqéof the series arm and the resonant frequency of the shunt
arm are made equal to obtain the band pass characteristic.

L Ly
2 2Cq 2C4 w24 C1 L
0000 - a1 =00 00 {f 0T P ooy 1

S P

(a) (b)

Fig.9.28

For this condition of equal resonant frequencies.

For this condition of equal resonant frequencies.

l !
o — = ——— for the series arm
2 2w,C

from which, ®?,L,C, =1
(9.34)



and -_l— = iyl for the shunt aiin
0yC,

from which,  3L,C, =1
(9.35)

nglCI =1= w5l

(9.36)

The impedance of the series arm, Z, is given by

] e e e @’ L,C; —1
“ —['lel _wC,]_J[ wCy

The impedance of the shunt arm, Z, is given by

Z 444 ijz 1) ijZ
2508 7 2
ijZ o i 7-—1“_ 1_(.1) L2C2
JOCo

s (G et )

From Eq.9.36
L,Cy = L,C,

e SR
1 2

Where kisconstant. Thus, thefilterisaconstant k—type.Therefore, foraconstant k—typeinthe
pass band.

P )

< 0, and at cut-off frequency
Z, = -4z,

2

Z, = = j2k



i.e.the value of Z1at lower cut- off frequency is equal to the negative of the value of Ziat the upper
cut- off frequency .

1
“+ j» = —|—— "4 L
[j‘”lcl ¢ ILI] [.i"’zcl a3 l]
1 1
L, — = —w, L
ol [wl l “’ICI] [(‘)ZCI . l]

(=i LC) = L (@3LC —1)
2

(9.37)
From Eq.9.34, L1C1= 1 /wé®
Hence EQ.9.37 may be written as

wg W, | wg

7
(g —w] )w, = w; (w5 —“’(?5)
2
0.)0 — (1.)'(.02
fo = \/fifz
(9.38)
l |
8 ' !
§ | Pass band | Z
o |
>
o Il =425
f
f1| fo fo =2 f




Fig.9.29

T us,theresonantfrequnc isthe geometricmeanof thecut- _offfrsguencies.The
variation of the reactances with respect to frequency Is shown in Fig.9.29.

If the filter is terminated in a load resistance R = K, then at the lower cut- off frequency.
l b jw, L 2 jk
IO Ly | =—2/
J@,C, 14 J
1

—_— L, = 2k
®,C, 144

Since LCy =—-
wg
2
1——L = 2kw,C,
Wq
2
i 1 —-[A] = 4mkf,C,
Jo
Vi

Lo N amks, C, C." Jo =NNS)

oS3
aavkf, f5
(9.39)
Since LG = —12*
Wy
Foer o U R L0
B ST o 23
wo Gy wo (52— )
S
(/2 — )

(9.40)



To evaluate the values for the shunt arm, consider the equation

LT =2 e
Cl CZ
7 G (2 — i)k

i anf, f5

(9.41)
i |

and s Yot

ke w(fy = f)k
(9.42)

Equations 9.39through 9.42are the design equations of a prototype band passfilter. T he
variation of a, Bwith respect to frequency is shown in Fig.9.30 .
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Example 9.5.

P T I (S

|
I
|
|
|
}
I
|
I
I
|

4

Fig.9.30

Design k—type band passfilter having adesignimpedance of 500Qand cut- off

frequencies 1 kHz and 10 kHz.
Solution .

k=500 Q; fi=1000 Hz; f2= 10000 Hz
From Eq.9.40,

7l k L 0000 855
Tom(f—f) w9000 -
From Eqg.9.39,

L far=tfy 0000

28 mH = 16.68 mH

T ankfif,  4xmx500x1000x10000

= 0.143 puF



From Eq.9.41,
L,=Ck =35 mH
From Eq.9.42,
C, = % = 0.0707 wF
k
Each of the two series arms of the constant k, T— section filter is given by

noue fiile.

2
2C; = 2 X 0.143 = 0.286 pF

And the shunt arm elements of the network are given by
C, = 0.0707 wF and L, = 3.57 mH

For the constant-4, 1t section filter the elements of the series arm are
C, =0.143 pF and L, = 16.68 mH

The elements of the shunt arms are

C, 0.0707
2

— 0.035 wF

2L, = 2 X 0.0358 = 0.0716 H

9.10 BAND ELIMINATION FILTER

Aband elimination filter is onewhich passes without attenuation all frequencies less thanthe lower

cut- offfrequency fi, and greater than the upper cut- off frequency f2. Frequencies lying between f1
and f2are attenuated. It iS also knownas bandstop filter. Therefore, a band stopfiltér can be

realizedbyconnectingalowpassfilterinparallelwithahighpasssection, inwhichthecut-  off
frequency of low passTilter is belowthat of a hl%h passfilter. The configurations of Tand nconstant k
bandstopsectionsareshownin Fig.9.31. Thebandeliminationfilterisdesignedinthesame
manner as is the band pass filter.



L4/2 L4/2

=0 ) — B0 )
o] e = r———.
2C, Lo 2C
G :
(a)

L4
T IR
it
2Lz C1 2L,
Col2 Col2
SO 2
(b)

Fig.9.31

Asforthe band passfilter, the series and shuntarms are chosento resonate at the same
frequencywo. Therefore, from Fig.9.31(a), for theconditionofequalresonantfrequencies

wol,
2 2w, C,
1

1

(9.43)
ol , = x for the shunt arm
woCH
bl 1
A L5,
(9.44)
1 >3 1 £

1,C L,C5

Thus L,C, = L,C,
(9.45)

It can be also verified that
Z\Z, = L 2 L — k2

<, <,

(9.46)
and fi=Jff
| JIV2

(9.47)

At cut- off frequencies, Z1=- 4272
Multiplying both sides with Z2, we get

for the series arm



Z|Z, =i A Z = Kk?
k
Z,y==j—
2 J >
(9.48)
If the load is terminated in a load resistance, R = k, then at lower cut- off frequency
frasd k
Zz=.l[ —wnlq]zj—
w,C, 2
1 k
w,C, AR 2
2 k
From Eq.9.44,
1
L,C; = =2
Wo
2
w; k
L C
(1)(2) 2 @, C>
f 2
1 21 =kmwfiC
[.fb] 22 ;
O =% 1 § [ﬁ_]
katf, Jo
Since Jo = NS>
b ) _L]
kav | f, >
e Ll —f.]
kar | fi/>
(9.49)
From EQ.9.44,
D 1
R T
1 RULUAVE
L, =— =— 172
wuCy wo (/> — f1)
Since Jo =N J3
L k
A4w(fa — NH)

(9.50)



Also from Eq. 9.46,
k? = 4 - L
C2 Cl
L = kzcg - 'li[jz ‘—_..fl ]
w\ N/fa
(9.51)
LZ

and C, = %

(9.52)
1 1
awk(f, — )

Z4
Pass

\ Attenuation Pass

2 fo - et 7

Fig.9.32

Thevariationofreactanceswithrespecttofrequencyisshownin Fi%].9.32. Equation 9.49
through Eq.9.52 is the design equations of a prototype band elimination filter. The variation of o,
with respect to frequency is shown in Fig.9.33".
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Example 9.6.

Design abandelimination fllter havingadesignimpedance of 600Qand cut- off
frequencies f1=2 kHz and 2= 6 kH

Solution. (f2— f1) = 4 kHz

Making use of the Eqs.9.49 through 9.52 in Section 9.10, we have

f2 —»f




g~ k(fimh)_ 600xd000 o
w| £,y ) mx2000x6000

o i i : — 0.033 puF
amk(f, — ;) 4xmx600(4000)

PRt D,
4mk(f, — f;)  4m(4000)

L] 2 i) ]=O.l76uF

kw| fify | 600xm|2000%6000

Each of the two series arms of the constant &, 7-section filter is given by
A =31.5mH
2

2C, = 0.066 pF
And the shunt arm elements of the network are
L, =12mH and C, = 0.176 pF
For the constant k, mr-section filter the elements of the series arm are
L, =63 mH, C, = 0.033 pF

and the elements of the shunt arms are

2L, = 24 mH and % = 0.088 wF
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